2 - ‘ ; as 
. d ant ; 4. { ‘. ", x - + , 
: - 7 . A 4 
“ , ee ' a e . oy 
. > = e a e ‘ 
re % : : - . ? ¢ ~ “ts be * 
© >? * yo ~ vy +f * 
. 7 - 
. . - . 4 
ao "” Ld , ‘ A - es , i 
' . p ; é ae : of al, ae 7 » 
: - = . : ~~ > 4 wy . ¢ 
} 7 = . ’ . | : ] ‘ 7 
. i . . ( = ‘ 
«} . : - : . : . a . 
2 = m _+ me = , 4 7 ’ 
> ) x ; : : if Ay , » 
7 : y | } , ; H : , 
7 ~~ ‘ . . .. ; 

7 ’ : 7 « 
i ns SS : 5. 7 
a - a - é at 7 * ‘ 

‘ : sh, ro ; 

,. , ; 

%. af ’ - 
: ‘ ; 7 P 


Special Pseudo Linear 
Algebras using [0,n) 


W. B. Vasantha Kandasamy 
Florentin Smarandache 


Educational Publisher Inc. 
Ohio 
2014 


CONTENTS 


Preface 


Chapter One 
INTRODUCTION 


Chapter Two 
SPECIAL PSEUDO LINEAR ALGEBRAS 
USING THE INTERVAL [0, n) 


Chapter Three 
SMARANDACHE SPECIAL INTERVAL 
PSEUDO LINEAR ALGEBRAS 


Chapter Four 
SMARANDACHE STRONG SPECIAL 
PSEUDO INTERVAL VECTOR SPACES 


107 


223 


FURTHER READING 266 


INDEX 268 


ABOUT THE AUTHORS 270 


PREFACE 


In this book we introduce some special type of linear 
algebras called pseudo special linear algebras using the 
interval [0, n). These new types of special pseudo interval 
linear algebras has several interesting properties. Special 
pseudo interval linear algebras are built over the subfields 
in Z, where Z, is a S-ring. We study the substructures of 
them. 


The notion of Smarandache special interval pseudo 
linear algebras and Smarandache strong special pseudo 
interval linear algebras are introduced. The former S- 
special interval pseudo linear algebras are built over the S- 
ring itself. Study in this direction has yielded several 
interesting results. 


S-strong special pseudo interval linear algebras are 
built over the S-pseudo interval special ring [0, n). SSS- 
pseudo special linear algebras are mainly introduced for 
only on these new structures, study, develop, describe and 
define the notion of SSS-linear functionals, SSS-eigen 
values, SSS-eigen vectors and SSS-polynomials. 


This type of study is important and interesting. Authors 
are sure these structures will find applications as in case of 
usual linear algebras. 


The authors wish to acknowledge Dr. K Kandasamy 
for his sustained support and encouragement in the writing 
of this book. 


W.B.VASANTHA KANDASAMY 
FLORENTIN SMARANDACHE 


Chapter One 


INTRODUCTION 


In this chapter we recall the operations on the special interval 
[0, n), n < o where addition and multiplication are performed 
modulo n. This is a special study for Z, ¢ [0, n) and [0, n) can 
be realized as the real closure of Z,. 


[0, n) is never a group under product only a semigroup. 
Thus if n is a prime [0, n) happens to be an infinite pseudo 
integral domain. 


Three types of vector spaces and constructed using [0, n). 
This study is new and innovative. For always Z, is imagined to 
be a ring (a field in case n is a prime) with only n number of 
elements in them. However [0, n) has infinite number of 
elements in them. 


When [0, n) is used (n a prime) then we have usual vector 
spaces constructed using [0, n) over the field Z,. 


The next stage of study being S-special interval vector 
spaces using [0, n) over the S-ring Z,. This will have meaning 
only if Z, is a Smarandache ring. Finally we define the new 
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notion of Smarandache Strong Special pseudo vector space 
(SSS-pseudo vector space) over the S-special pseudo interval 
ring [0, n). 


Only these happen to pave way for finite dimensional vector 
space using [0, n). Further only using this structure one can 
define the notion of SSS-linear functionals and the SSS-dual 
space. 


Such type of study is carried out for the first time. 


This study will certainly lead to several new algebraic 
structure inventions. 


Chapter Two 


SPECIAL PSEUDO LINEAR ALGEBRAS 
USING THE INTERVAL [O, n) 


In this chapter authors for the first time define special interval 
vector spaces defined over the S-rings. It is important to keep on 
record that [0, n) can maximum be a pseudo integral domain in 
case n is a prime and is Smarandache pseudo special interval 
ring whenever Z, ¢ [0, n) is a S-ring. 


Thus all special vector spaces built using [0, n) and special 
vector linear algebras built using [0, n) are only S-linear 
algebras unless we make, these structures over fields contained 
in [0, n). We will develop and describe them in this chapter. 


DEFINITION 2.1: Let V ={/0, n), +} be an additive abelian 
group. F CZ, be a field so that Z,, is a Smarandache ring if n is 
a prime F =Z, is a field; we define V to be the special interval 
vector space over the field F <Z, < [0, n). Further we do not 
demand (a + b)v = av + bv and a(v/+v2) = av; + av? for a, b € 
F CZ, and v, v};, v2 € V. The only criteria is av = va € V for all 
aéeéFcZ,andv eV. 
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Note: V can be an additive abelian group built using [0, n) that 
is the only criteria for the construction of special interval vector 
spaces. The distributive laws may or may not be true. 


Example 2.1: Let V = {[0, 5), +} be the special interval vector 
space over Z;; the field of modulo integers. 


Example 2.2: Let V = {[0, 6), +} be a special interval vector 
space over the field F = {0, 2,4} c Ze, c [0, 6) or over the field 
F; = {0, 3} < [0, 6). 


Example 2.3: Let V = {[0, 15), +} be the special interval vector 
space over the field F = {0, 3, 6, 9, 12} CZs. 


Let 0.315¢e V then for a= 6 we have a x 0.315 = 1.890 € V. 


Leta=3 andb=9 € V. For v= 6.02le V we have 
(a+b)v =(3+9)v 

= 12 x 6.021 = 72.252 

= 12.252 .. Cd) 


av + bv =3 x 6.021 +9 x 6.021 
= 18.063 + 54.189 
= 72.252 
= 12.252 ... (2) 


(1) and (2) are identical in this case hence (a + b) v = av + 
bv in V as a special interval vector space over F. 


Let v; =2.615 and v2 =7.215 € Vanda=6eF. 


We find 
a(vi +v2) =6(2.615 4+ 7.215) =6(9. oe 58.980 
= 13.980 . I 


av; + av. =6 x 2.615 + 6 x 7.215 
= 15.690 + 43.290 
= 58.980 
= 13.980 .. I 
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I and II are identical in this case hence this set of vectors in 
V distribute over the scalar, however one do not demand this 
condition in our definition. 


0.v= 0 for all v € V and a.0= 0 foralla e F. 
The following observations are important 


1. Always the cardinality of V is infinite. 

2. The advantage when n is a composite number and if Z, 
is S-ring we can have more than one special interval 
vector space. 


The number of spaces depends on the number of fields the 
ring Z, has. 


Example 2.4: Let V = {[0, 12), +} be a special interval vector 
space over the field F, = {0, 4, 8}. We see this special interval 
vector space can be defined only over one field. For Z)2 has 
only one subset which is a field. 


Example 2.5: Let V = {[0, 24), +} be a special interval vector 
space over the field F; = {0, 8, 16} C Zy4. This is only special 
interval vector space of the interval [0, 24) over the field in Z4. 


Example 2.6: Let V; = {[0, 30), +} be a special interval vector 
space over the field F; = {0,15} € Z30. 


V> = {[0,30), +} be a special interval vector space over the 
field F, = {0, 10, 20} C Z30. 


V3 = {[0, 30), +} be the special interval vector space over 
the field F; = {0, 6, 12,18, 24} c [0, 30); we have only three 
vector spaces over the three fields in Z39 < [0, 30). 


Example 2.7: Let V = {[0, 23), +} be a special interval vector 
space over the field Z.;. We have a unique special interval 
vector space over the field F = Z,3. 
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Example 2.8: Let V = {[0, 29), +} be a special interval vector 
space over the field Zo9 = F. 


Example 2.9: Let V, = {[0, 143), +} be a special interval vector 
space over the field Z43 = F. 


Example 2.10: Let V = {[0, 43), +} be a special interval vector 
space over the field F = Z43. 


In view of all this we have the following theorems. 
THEOREM 2.1: Let V = {/0, p), +} be the special interval 
vector space over the field Z, = F (p a prime); V is the only one 
special interval vector space over Z,. 


Proof is direct hence left as an exercise to the reader. 


THEOREM 2.2: Let V = {[0, n), +} be the special interval vector 
space over t fields, F; CZ, , 1 Si St, hence using this V we have 
t distinct special interval vector spaces over each of the fields, 
F,, (I Si St). 


Proof: If Z, is a S-ring and Z, has t number of subsets F; such 
that each F; is a field then we have V = {[0, n), +} to be special 
interval vector space over F; fori=1, 2, ..., t. 

Hence the claim. 


We will illustrate this situation by some examples. 


Example 2.11: Let V ={[0, 42), +} be a special interval vector 
space over the field F;= {0, 21} C Za. 


Let F, ={0, 14, 28} ce Z42 be a field in Z42. 


V> ={[0, 42), +} is a special interval vector space over the 
field F>. 
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Let F; = {0, 6, 12, 18, 24, 30, 36} C Za be the field. (F3 \ 
{0}, x} is given by the following table 


36 acts as the identity with respect to multiplication of the 
field F; = {0, 6, 12, 18, 24, 30, 36} C Zu. 


We have three different special interval vector spaces. 


For if 0.65 € V now V as a special interval vector space 
over F; we get 


0.65 x 21 = 13.65 € V. 
Now 0.65 x 14= 9.10 € V and 0.65 x 30 = 19.50 € V. 
We see the three spaces are distinct. 


Now we proceed onto discuss about special interval vector 
subspaces of a special interval vector spaces. 


Example 2.12: Let V = {[0, 15), +} be the special interval 
vector space over the field F = {0, 5, 10} CZs. 


P,; = {0, 1, 2, 3, ..., 14} Cc V is a special interval vector 
subspace of V over F. 


P, = {0, 3, 6, 9, 12} c V is also a special vector subspace of 
V over F. 
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Example 2.13: Let V = {[0, 7), +} be a special interval vector 
space over the field F = Z; = {0, 1, 2, ..., 6}. 
P= {0, 1, 2,3, 4, 5, 6} c V is a subspace of V over F = Z;. 


P, = {0. 0.5, 1, 1.5, 2, 2.5, 3, 3.5, ..., 6.5} C V is a special 
interval vector subspace of V over Z7. 


Example 2.14: Let V = {[0, 3), +} be a special interval vector 
space over the field F = {0, 1, 2} =Z;. P, = {0, 1,2} CVisa 
subspace of V over F. P2 = {0, 0.5, 1, 1.5, 2, 2.5} c V is again 
a subspace of V over F. 


P; = {0, 0.2, 0.4, 0.6, 0.8, 1, 1.2, 1.4, 1.6, 1.8, 2, 2.2, 2.4, 
2.6, 2.8} & V is also a subspace of V over F. 


P, = {0, 0.25, 0.5, 0.752, 1, 1.25, 1.50, 1.75, 2, 2.25, 2.5, 
2.75} ¢ V is also a subspace of V over F. 


Example 2.15: Let V = {[0, 12), +} be the special interval 
vector space over the field F = {0, 4, 8}. P, = {0, 1, 2, ..., 10, 
11} c V is a special interval vector subspace of V over F. 


P, = {0, 6} c V 1s a special interval vector subspace of V 
over F. 


P; = {0, 3, 6, 9} c V is a special interval vector subspace of 
V over F. 


Py = 40,-0:5) Lolo e225: Sea IO IOS IS 1b eS 
V is a special interval vector subspace of V over F. 


Ps = {0, 0.2, 0.4, 0.6, 0.8, 1, 1.2, ..., 1.8, 2, 2.2, 2.4, ..., 10, 
10.2, 10.4, 10.6, 10.8, 11, 11.2, 11.4, 11.6, 11.8} c Visa 
special interval vector subspace of V over F. 


Example 2.16: Let V = {[0, 10), +} be the special interval 
vector space over the field F = {0, 2, 4, 6, 8} C Zio. 
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P, = {0, 5} c V is a subspace of V over F. 
P, = {0, 1, 2, ..., 9} c V is a subspace of V over F. 


P; = {0, 0.5, 1, 1.5, 2, 2.5, ..., 9, 9.5} Cc V is a subspace of 
V over F. 


P, = {0, 0.2, 0.4, 0.6, 0.8, 1, 1.2, ..., 9, 9.2, 9.4, 9.6, 9.8} c 
V is again a subspace of V over F. 


Zo has only two subsets which are fields; viz F = {0, 5} and 
F, = {0, 2, 4, 6, 8}. 


Example 2.17: Let V = {[0, 60), +} be a special interval vector 
space over the field F = {0, 20, 40} c Zoo. 


P, = {0, 1, 2, ..., 59} c V is a special interval vector 
subspace of V over F. 


P, = {0, 2, 4, 6, 8, ..., 58} c V is again a special interval 
subspace of V over F. 


P; = {0, 3, 6, 9, 12, ... 57} c V is also special interval 
subspace of V over F. 


Py = {0, 6, 12, 18, 24, 30, ..., 54} c V is again a special 
interval subspace of V over F. 


P; = {0, 10, 20, 30, 40, 50! c V is a special interval 
subspace of V over F. 


P. = {0, 15, 30, 45} c V is also a special interval subspace 
of V over F. 


P, = {0, 12, 24, 36, 48} C Zoo is again a special interval 
subspace of V over F. 


Ps = {0.5, 0, 1, 1.5, 2, 2.5, ..., 58.5, 59, 59.5} C Zoo is also a 
subspace of V over F. 
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Infact we chose F, = {0, 12, 24, 36, 48} as a field then also 
we can get subspaces of that V over F}. 


Example 2.18: Let V = {[0, 73), +} be a special interval vector 
space over the field Z;3. This V has subspaces given by 
M, = {0, 1, 2, ..., 73} c V is a subspace of V over Z73. 


M> = {0, 0.5, 1, 1.5, 2, 2.5, ..., 72, 72.5} Cc V is again a 
subspace of V over Z73. 


M3. = {0, 0.125, 0,250, 0.375, .0,5;,0,625,. 5.2, 72.125, 
72.250, 72.375, 72.5, 72.625, 72.750, 72.875} Cc V is again a 
subspace of V over Z73. Even if in [0, p), p is a prime we see all 
special interval spaces have subspaces. 


THEOREM 2.3: Let V = {/0, p), +} be a special interval vector 
space over the field Z, (p a prime); V has several subspaces. 


Proof is direct hence left as an exercise to the reader. 


Corollary : If [0, p) in theorem 2.3 p is replaced by n; n a 
composite number still V = {[0, n), +} has several subspaces. 


It is important and interesting to note all special interval 
vector spaces V defined using the interval [0, n) is such that 
[V| = 00. 


We will proceed onto define the concept of linear 
dependence and linear independence and a basis of V over the 
field F < [0, n). 


Let V = {[0, 27), +} be a special vector space over the field 
F = {0, 9, 18} < [0, 27). 


Take x = 2.04 and y = 3.3313 € V we see 2.04 and 3.3313 
are linearly independent for this x and y are not related by any 
scalar from F. 

Let x = 2.01 and y = 18.09 € V we see y = 9x so y and x are 
linearly dependent in V over the field F. 
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We can have several such concepts. We say a set of 


elements B = {v, Vo, ..., Vat} € V is a linearly independent set in 
V, if no v; can be expressed in terms of vj;'s 
i#j,j,i=1,2,...,n. That is vi # X a; vj where a;’s € F and 
vj € B. 


We say the linearly independent set B is said to be a basis if 
B generates V. 


Recall here also we say 


OV; + Q2V2 + ... + AnVn= 0 is possible if and only if each 
a; = 0. The authors feel that V has only infinite subset of V to 
be a basis. 


That is V cannot have a finite basis over the field 
Fc [0, n). 


Example 2.19: Let V = {[0, 5),. +} be a vector space over the 
field F = {0, 1, 2, 3, 44 = Zs c [0, 5). V is an infinite 
dimensional vector space over F. 


V cannot have a finite basis. 


However if P; = {0, 1, 2, 3, 4} c [0, 5) c V be a special 
interval vector subspace of V then P, has dimension 1 over F. 
{1} or {2} or {3} or {4} is a basis of P; over F. 


Let P, = {0, 0.5, 1, 1.5, 2, 2.5, 3, 3.5, 4, 4.5} be vector 
subspace of V over F. 


B= {0.5} CP» is a basis of V over F. Thus dimension of P2 
over F is one. 


Example 2.20: Let V = {[0, 13), +} be a special interval vector 
space over the field Z)3. 


V is an infinite dimensional vector space over Z)3. 
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V has also subspaces which are finite dimensional. 


Next we proceed onto study the special interval vector 
spaces built using the interval group G = {[0, n), +}. 


Example 2.21: Let V = {(a1, a, a3) | a; € [0, 15); 1 <i <3, +} 
be the special interval vector space over the field F = {0, 5, 10} 
CZs. V has infinite special interval vector subspaces also. 


For take P; = {(a;, 0, 0) | a; € [0, 15), +} cV, 


P2 = {(0, ai, 0) | a; € [0, 15), +} CV, 

P; = {(0, 0, a1) | a; € [0, 15), +} CV, 

P4= {(0, a1, a2) | a1, a2 € [0, 15), +} CV, 

Ps = {(a1, a2, 0) | ay, a2 © [0, 15), +} CV and 

Po = {(a;, 0, a2) | a; a2 € [0, 15), +} C V are the six vector 
subspaces of V and |P;| = 0; 1 <i < 6 and all of them are infinite 
dimensional over the field F = {0, 5, 10} C Zs. 


We have subspace M; such that |M;| < «. For take 
M; = {(a;, 0, 0) | a; € {0, 5, 103, +! c V is a subspace of V of 
dimension 1 over F. 


M2 = {(0, a1, 0) | a; € {0, 3, 6, 9, 12} c[0, 15)} c V is also 
a subspace of V and |Mj| < 0. 


We can have atleast 14 such subspaces which has only finite 
number of elements in them. 


Example 2.22: Let 
V = {(a1, a2, a3, a4, as) | aj © [0, 23), 1 <1 < 5, +} be the special 
interval vector space over the field F = Z)3. 


V has both subspaces of finite dimension as well as infinite 
dimension. 


P,; = (a, 0, 0, 0, 0) | a; € [0, 23), +} c V is a subspace of V 
of infinite dimension and |P,| = 0. 
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Py = (a1, 0, 0, 0, a2) | aj, a € [0, 23), +} cV is also 
subspace of V over F = Z»3 and of infinite dimension. 


P3 = (a1, a2, 0, 0, 0) | a1, a2 € [0, 23), +} CV, 

P4 = (0, 0, aj, a2, a3) | aj, a2, a3 [0, 23), +} ox V, 

Ps; = (0, 0, 0, a;, 0) | a; € [0, 23), +} CV, 

Pe > (a1, a2, a3, a4, 0) ay € [0, 23), l<i< 4, +} Sc V, 

P, = (0, aj, a, a3, a4) | a; € [0, 23), 1 <1 <4, +} CV, 

Ps = (aj, a, 0, a3, a4) | a; © [0, 23), 1 <1 < 4,+} CV and 

Py = (0, 0, aj, a2, 0) | a; € [0, 23), 1 <i < 2, +} are all some 
of the subspaces of V over Z)3. 


M; = {(a1, 0, 0, 0, 0) | a1Z23, +} CV, 

M2 = {(a1, a, 0, 0, 0) | ai, a2 € Zo3, +} CV, 

M3 = {(0, ai, 0, 0, 0) ay € 23, F} = V, 

Mg = {(0, 0, aj, a2, 0) | aj, a2 € 23, +} = 

M; = {(a1, a2, a3, a4, as) | a € 23, “E; l< 
of the subspaces of V over Z,3. 


i<5}c V are some 


We see each M,; is such that |Mj| < oo and M,’s are finite 
dimensional over Z23. For 1 <i <3. 


Infact we have ;C; + 5C. + 5C3 + sCy, + | number of 
subspace of finite order and finite dimensional over F = Z,3. 


Example 2.23: Let 


V=4la, || a: € [0, 24), 1<i<7,4} 
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be a special interval vector space over the field F = {0, 8, 16} c 
Za. 


V has both finite and infinite dimensional vector subspaces. 


Let 


P, ae [0, 24), +} cS Vv 


SS «o> OO: o> © 


be a special interval vector subspace over the F = {0, 8, 16} 
Za. 


Clearly P; is infinite dimensional vector subspace of V over 
F. 


Consider 


M, 


ll 
~ 


4 || Ge 10,8516) Leia 74p CV 


is a special interval vector subspace of V over F. 


Infact M, is finite dimensional over F and |Mj| < ©. 
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M2 = 0 a}, a2, a3 € {0, 8, 16}, +} cV 


a; 


is a special interval vector subspace of V over F. Mz is finite 
dimensional over F and |M,| < ». 


ay 
0 
a, 
M;= 4! 0 || a, € {0,8,16},1<i<4,4}CV 
a, 
0 


a, 


is a special interval vector subspace of V over F. 


Ms 1s also finite dimensional over F and |Ms3| < oo. 


My = ai € {0,8, 16}, 1<i<3,4+}cV 


is a special interval vector subspace of V over F. 
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Clearly M, is also finite dimensional over F. 


Let 


B, = aj, a2 € [0, 24), +} CV 


be the special interval vector subspace of V over F. 
B, is infinite dimensional subspace of V over F. 


Let 


B> = a}, a2, a3 € [0, 24), +t = Vv 


be the special interval vector subspace of V over F. 
Clearly Bz is infinite dimensional over F. 


V has several subspaces which are infinite dimensional over 
F. 
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Infact if 


T, a ay € [0, 24), +} on Vv, 


coooc.c oOo 


a € [0, 24), +} cV, 


a) 


T3 a. a3 € [0, 24), +} = V, 


>) 
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T4 aay ay a4 € [0, 24), +} = V, 


Ts 


as € [0, 24), +} CV, 


ae € [0, 24), +} c V and 


4 
n 
ll 

of ooooc Oo 
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i= a7 € [0, 24), +} CV 


ooo cco eo 


tee) 
x 


be seven distinct special interval vector subspaces of V over F. 


Clearly 


Ti Tj = ,14%j,1<i,j<7and 


ooo c.c.hUcocm 


LO | 


T; + T, + T; + Ty + Ts + Tg + Tz = V is the distinct sum of 
subspaces of V over F. 


Each subspace is infinite dimensional over F. 
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Let 


W= 4| a, || ai € {0, 8, 16} C24, 1 5i1<7} CV 


be a special interval vector subspace of V of dimension seven 
over F. 


ay 

0 

0 

Let $=4] 0 || a: € {0,8, 16} CZoy +} CV, 

0 

0 

0 | 
| 0 
a, 

S2= a) € {0, 8, 16} CZ, +} CV, 


a <> <> 
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a; 


= a3 € {0, 8, 16} CZ, +} CV, 


0 
0 
0 
| 0 


S4= 4] a, || a4 € {0, 8, 16} CZ, +} CV, 


Ss = as € {0, 8, 16} Cc Zr, +} = V, 


oof ooo o 
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0 
0 
0 
S6= 4] 0 |} a6 € {0, 8, 16} C Z54, +} Cc V and 
0 
a6 
| 0 | 
[ 0 
0 
0 
S7= 4| 0 |} a7 © {0, 8, 16} CZ4, +} CV 
0 
0 
a 


be seven different subspaces of V over F. 


Each of them is also a subspace of W c V over F. 


Clearly 


SiS; = ,14j,1<1,j) <7 and 


oo oc clUlcmhlClcCOlhlUlcO 
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Si +S.+83+84,+ 85 +S. +S, c V is not a direct sum of V but 
is certainly a direct sum of W. 


Thus we call such sum as subdirect sum of subspaces of W. 


Infact W can be written as direct sum in other ways also. 


Let 


P, = 


P, = 


P3 = 


a1, a2 € {0, 8, 16} Cc Ly, +} cWcV, 


ai, a2 € {0, 8, 16} C Zo4, +} CV and 


a1, 42, a3 € {0, 8, 16} CL, +} cCWcV 
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be special interval vector subspace of W as well as V. 


We see 


PAP; = ,14j,1<1,j <3 


oooocc9oc oe 


and W = P,; + P, + P3; € V; so P,;’s give a subsubdirect of 
subsubspaces of V. 


Infact the representation of V (or W c V) as a direct sum of 
sub subdirect subsubspace sum is not unique as in case of usual 


spaces. 


Example 2.24: Let 


V= a; €[0, 23), 1 <i<6,+} 


be the special interval column matrix vector space over the field 
Z3. 


V has both finite and infinite subspaces. Infact we can have 
subspaces W in V such that there exists W* in V such that 
WOw=V. 
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Also we have subspaces T in V such that T~ of T is only a 
proper subset of V. 


First we will illustrate both these in this V. 


W= a; €[0, 23), 1<i<3,+} CV 


is a subspace of V over Z3. 


We see 
ro] 
0 
L 0 : 
W= a, €[0, 23), 1 <1<3,+}cV 
a, 
a, 
Las | 


is a subspace of V and 


WaAW= and W + W1=V. 


ooo c.UcUuCcCT Cl Oo Cho 
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Now take 


Si 


oo 


is a subspace of V and 


S;AW= 


a; €[0, 23), +} CV 


butS+Wz#V 


oo oc clUcUcCwmCmClcCOolhlUcO 


we see S is orthogonal with W but S; + W#V. 


Similarly 


S.= 


— ) 


a; €[0, 23), +} CV 
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is orthogonal with W but S; + W # V and 


SA W= 


ooo ccclmUcrmhlUuO 


Now consider 


a, a € {0, 1,2, ..., 22} C[0, 23), +} 


a vector subspace of V. Clearly P, is finite dimensional 
subspace of V over Z3. 


B, = ay €[0, 23)s +} Cc Vv 


ooo oO 


is such that 
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P} OB, = and P;} +B, #V 


ooo c.c.oCcmUcCmhUlO 


infact P, is finite dimensional over Z>3. 


Bz = a, €[0, 23), a2, a3 € Z3, +t} CV 


a, | 


is again a subspace of V of infinite dimensional over F = Z)3. 


Clearly By 7 P; = and B, +P; cV. 


ooococoo co 


Thus V has both finite dimensional and infinite dimensional 
vector subspaces over the field F = Zp3. 


Special Pseudo Linear Algebras using the Interval [0, n) | 35 


Example 2.25: Let 


a, a, a; 
V=5/a, a, a, |} a €[0, 43), 1<1<9, +} 
Qe Ag By 


be a special interval vector space over the field F = Z43. V has 
several subspaces both of finite and infinite dimension. 
However V is infinite dimensional over the field F = Z43. 


Let 


W, ay €[0, 43), +} = V, 


[0 a, 0 
W2= 4/0 O O}} a €[0, 43), +} CV, 


10 O O 
[0 0 a, 
W3 _ OQ a3 €[0, 43), a = V. 
[9 0 0 
ro 0 O| 
W4=4/a, O O}f ag €[0, 43), +} CV, 
0 0 0 


0 
Ws=4/0 a, 0]| as €[0, 43), +} CV, 
0 
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00 0 
Wo= 3/0 0 a, || a6 €[0, 43), +} CV, 
19 0 0 
[0 0 0 
W7= 3/0 O O}/ a €[0, 43), +} CV, 
|a, 0 O 
0 0 0 
Ws= 5/0 0 O]| ag €[0, 43), +} c V and 
0 a O 
00 0 
Wo= 5/0 0 0 |] a €[0, 43), +} CV 
0 0a 


9 


are all vector subspaces of V of infinite dimension over the field 
F= Z43. 


We see 
00 0 
WiNWj=35|/9 0 Of}; ifi4j,1<ij<9 
0 0 0 


and W, + W,+... + Wo = V is a direct sum. 


This is the maximum number of subspaces of V in which V 


is written as direct sums can have the number of subspaces _ to 
be strictly less than or equal to nine. 
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Consider 
a, - 25. 90 
Ri = 4} 0 O OJ] a €[0, 43),1<1<4,+} cV, 
a, a, 0 
0 a, 
R,= /a, 0 O/]| ai, a €[0, 43), 1 <i<2,+} c Vand 
0 0 
0 0 O 
R3= 5|0 a, a, |] a1, a, a; €[0, 43), +} CV 
0 0 a, 


are vector subspaces of V over the field F = Z,3. 
0 0 0 
RiAR = 4/0 O Off ifi¥j, 1 <i,j <3 and 
00 0 


R,; + R2 + R; = V is thus a direct sum. Each R; is an infinite 
dimensional vector subspace of V over F. 


Let 
a, a, 0 
T; = 0 0 0 aj, a2, a3 © Z43, ey Cc V, 
OO) cay 
0 0 a, 
T2= 4/0 O a, |] a1, a2, a3 € Zy3, +} CV, 


0 0 a, 
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0 0 0 
T3=4]a, a, O]f a1,a2 € Zp, +} Cc V and 
0 0 0 
0 0 0 
Ta= 4/0 O O}] aa € Zy3, +} CV 
a, a, 0 


are subspaces of V over the field F = Z43. 


All the four spaces are finite dimensional over F = Z43 and 


00 0 
T,0T,;=4]0 0 Of$ ifi#jand1<i,j<4. 
00 0 


Further T, + T + T3 + Ta = V. 


Suppose 


& 
fab) 

N 
fab) 

w 


=< 
Il 
tab) 
aN 
& 
ta) 


6 a, € Z43, 1 <i < 9} cV, 


then M is a finite dimensional vector subspace of V over Z43. 


Further M = T, + T) + T3 + Ty and this sum we call as sub 


subdirect sum of subsubspaces of the subspace M of V. 
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The basis for the space 


a, a, a, 


M=,/a, a5 a, || aj €Z43, 1 <1 <9} is 


o 

o 

oo°o 

- oO 
a 


Let 
a, 0 O 
D=,/a, 0 0 || a €[0,43);1<i<3}cCV 
0 0 a, 


be a vector subspace of V over F of infinite dimension 


a, 0 O 
E= \a, 0 0O || ai, a2, a3 € Z3 +} CV 
0 0 a, 
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is a vector subspace of dimension 3 over Z43. 


Clearly E cD; thus a subspace may contain a subspace of 
finite dimension. 


Example 2.26: Let 


V=s} i: t fla; e [0,47),1<i<30,4} 


be the special interval vector space over the field F = Z,7. 
V has subspaces of finite and infinite dimension over F. 
V can be written as a direct sum of subspaces. 


If V=W,+ ... + Wy; we see n = 30 is the maximum value 
for n. 


Further 


Wi0W;= |. | ifi#j, 1<ij<n. 


Just n varies between 2 and 30 that is 2 <n < 30. 


We have several subspaces of V which in general may not 
lead to a direct sum. 
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Let 


Pi = 416 Ay Arg |} ai € [0, 47), 1 S15 18, +} CV; 


i) 
i) 


P, is a special interval vector subspace of V over the field 
F= Z47. 


Oo 
oS ae 
oO 


P, = a € [0, 47), 1 <1<12,+} CV; 


& 
© 

N 
© 

we 


i) 
a) 
i=) 


P, is a special interval vector subspace of V over the field 
F= Z47. 


Clearly 


0 0 
Pri Ps=t).. . .ifand ¥V = Pp Py 


thus V is the direct sum of P; and P2 we see P; and P, are of 
infinite dimension over F = Z,7. 


42 | Special Pseudo Linear Algebras using [0, n) 
Let 


0 
S = : : aye [0, 47), Ey cV 


be the special interval vector subspace of V over F of dimension 


infinity. 
0 a, 0 
y= 10 7 Ol ae (0,49, 46V, 
00 0 
0 a, 
s= 4) 9 Olas 10.47, 4CV, 
00 0 
0 0 
Si= . : : ay € [0, 47), +} < V and so on. 
0 0 0 


Siz=4/0 0 a,, || ai2 € [0, 47), +} Cc V and so on. 
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0 0 O 


So7 = 0 0 0 ao7 € [0, 47), +} - V, 


0 0 a, 
10 0 0 
0 0 0 
Sos = ‘ ‘ i a7 € [0, 47), +} cC V, 
a,, 0 0 
0 0 0 
So9 = ; , : ay9 € [0, 47), +} Cc V and 
0 a, O 
0 0 O 
S30 = 6 ‘5 - a30 € [0, 47), +} Cc Vv 
0 0 a, 


are 30 subspaces of V over F which are distinct and each of 


them are of infinite dimension. 


We see 
PO ie. se Leap S30 


and V =P, + ... + P39 is a direct sum of subspaces of V. 
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Example 2.27: Let 


a a, 19 
a, ay ase a5 . 
ve a; € [0, 12), 1 <i<40,+} 
a5) a. api a3 
23; 3p a4 


be the special interval vector space over F = {0, 4, 8} CG Zp. 


V has several subspaces some of which are infinite 
dimension and some are of finite dimension. 


We can write V as a direct sum of subspaces of V over F. 
Thus in view of all these we have the following theorem. 


THEOREM 2.4: Let 
V = {m xn matrices with entries from [0, n), +} be a special 
interval vector space over a field F = Z,, 


(1) V has infinite dimensional and finite dimensional 
subspaces over F. 

(2) V=W, +... + W, and W; 7 W; = (0), zero matrix 
ifi #j, 1 Si, j St; with 2 st <mn where W;’s are 
vector subspaces of V over F of infinite dimension 
over F. 


Proof is direct and hence left as an exercise to the reader. 


Now we proceed onto define the notion of linear algebra 
using the special interval [0, n) over a field F € Z,. 


DEFINITION 2.2: Let V = {[0, n), +} be a special interval 
vector space over a field F CZ, 


If on V we define ‘x’ such that (V, x) is a semigroup, then 
we define V to be a pseudo special interval linear algebra over 
F, 
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We will illustrate this situation by some examples. 


Example 2.28: Let V = {[0, 19), +, x} is a pseudo special 
interval linear algebra over the field Zjo. 


F. 


We see if x = 16 and y= 10 € V then 
x xX y= 16x 10= 160 =8 (mod 19) € V. 


If x = 0.784 and y = 16 € V then 
x x y = 0.784 x 16= 12.544 € V. 


Let x =5.02 andy=18 eV 
x x y= 5.02 x 18 = 90.36 (mod 19) = 14.36 € V. 


We see V is also a linear algebra of infinite dimension over 


Example 2.29: Let V = {[0, 29), +, x} be the pseudo special 
interval linear algebra over the field F = {[0, 4, 8} CZ). 


W = {{0, 1, 2, 3, ..., 11}, +, x} C V is a finite dimensional 


sublinear algebra of V over F. 


V has finite dimensional vector subspace which are also 


linear algebras over F. 


However V has vector subspace of finite dimension which 


are not linear algebras over F. 


For take P = {{0, 0.5, 1, 1.5, 2, 2.5, ..., 10, 10.5, 11, 11.5}, 


+} <V, P is only a vector subspace of V over F. 


Clearly P is not a pseudo special sublinear algebra of V over 


F as 0.5 x1.5 = 0.75 ¢ P for 0.5 and 1.5 € P hence the claim. 


Infact we have several such vector subspaces in V which are 


not pseudo linear subalgerbas of V over F. 
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We call these vector subspaces of this special pseudo 
interval linear algebra as quasi vector subspaces of V. 


Example 2.30: Let V = {[0, 23), +, x} be a special pseudo 
interval linear algebra over the field F = Z.3. Take M = {{0, 1, 
2,3, ...,22}, +, x} Cc V is a sublinear algebra of V over F. 


P= 440,05, 15° 15,2; 2.5; 33.5 20:55.21,-21:5, 22, 22 5h, 
x} c V is a special quasi vector subspace of V over F; however 
P is not closed under product for 1.5 € P but (1.5)’ = 2.25 ¢ P 
hence P is a special pseudo semilinear subalgebra of V only a 
vector subspace of V. 


Let W = {{0, 0.2, 0.4, 0.6, 0.8, 1, 1.2, 1.4, 1.6, ..., 22, 22.2, 
22.4, 22.6, 22.8}, +} C V be a vector quasi subspace of V and is 
not a pseudo linear subalgebra of V. 


Thus V has several vector quasi subspaces which are not 
linear subalgebras of V. 


Example 2.31: Let V = {[0, 7), +, x} be a special pseudo 
interval linear algebra over a field F = Z;. 


Let M,; = {0, 1, 2, ..., 6} GC V. M; is a special pseudo 
interval linear subalgebra of V over F. 


Mp = {{0, 0.5, 1, 1.5, 2, 2.5, ..., 6, 6.5}, +} Cc V is only a 
special quasi vector subspace of the linear algebra V over F. 


Clearly if x, y € Mb, in general x x y ¢ Mb, for take x = 1.5 
and y = 0.5 € Mo. x x y=1.5 x 0.5 = 0.75 ¢ Mp, so Mp is not a 
linear subalgebra of V over F. 


We have several such special quasi vector subspaces of V 
which are not pseudo linear subalgebras of the linear algebra V. 


Example 2.32: Let V = {[0, 2), x, +} be the special pseudo 
interval linear algebra over the field F = Z). 
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Pi = 440;-0-1, 0:2) 20; 0.951, bl, 2, cn EOS [0, 2),.4} 
Cc V isa special pseudo interval quasi vector subspace of V over 
Zp. Clearly P, is not a linear subalgebras of V. 


Example 2.33: Let 
V = {(ai, a, a3) | aj € [0, 17), 1 <i < 3, +, x} be the pseudo 
special interval linear algebra over the field F = Z7. 


We have several sublinear algebras as well as quasi vector 
subspaces of V over the field F. 


We see T = {(a;, a, 0) | a; € [0, 17), a2 € {0, 0.5, 1, 1.5, 2, 
2.5, ..., 16, 16.5}, +} is an infinite dimensional quasi vector 
subspace of V and is not a special linear subalgebra of V. 


Let S = {(a;, a, a3) | aj € {0, 1, 2, ..., 16} = Zi, c [0, 17) ; 
1 <i<3,+, x} c Visa linear subalgebra of V over F = Zy7. 
Clearly S is finite dimension and basis of S is B = {(1, 0, 0), (0, 
1, 0), (0, 0, 1)}. Thus dimension of S over F is 3. 


Let W = {(0, aj, a2) | a1, a2 © [0, 17), +, x} is a linear 
subalgebra of V over F and dimension of W over F and 
dimension of W over F is infinite. 


L= {(a, a2, a3) | a1, a, a3 € {0, 0.2, 0.4, 0.6, 0.8, 1, 1.2, 1.4, 
...5 16, 16.2, 16.4, 16.6, 16.8} c [0, 17), +} is a subvector quasi 
space of V over F. 


Clearly L is not closed under x, so L is only a quasi vector 
subspace of V over F so is not a linear subalgebra of V. 


For if x = (0.8, 0.4, 0.6) € L then x + x = (0.8, 0.4, 0.6) + 
(0.8, 0.4, 0.6) = (1.6, 0.8, 1.2) € L but x x x = (0.8, 0.4, 0.6) x 
(0.8, 0.4, 0.6) = (0.64, 0.16, 0.36) ¢ L. 


So L is only a quasi vector subspace of V over F. 
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We see V has several quasi vector subspaces of F which are 
not linear subalgebras of V over F. 


However V can be written as a direct sum of sublinear 
algebras of V over F. 


Let B; = {(a, 0, 0) | a; € [0, 17), +, x} CV, 
By = {(0, ao, 0) | a2 € [0, 17), +, x} Cc V and 
B; = {(0, 0, a3) | a3 € [0, 17), +, x} CV 
are all sublinear algebras of V over F of infinite dimension. 


Further Bj  B, = {(0, 0, 0)} ifi#j, 1 <i, j <3 and B, + Bp 
+B3;=V. 


Thus V is the direct sum of sublinear algebras over F. 
Let 


C; = {(ai, 0, 0) | ay € {0, 0.5, Li, 1, oF 2:55 sisie3 I5; 15.5, 16, 
16.5} ¢ [0,17), HCV, 


Co = {(0, a2, 0, 0) | ar € {0, 0.5, 1, 1.5, 2, 2.5, ..., 15, 15.5, 
16, 16.5}  [0, 17), +} CV and 


C3 = {(0, 0, a3) | a3 © {0, 0.5, 1, 1.5, 2, 2.5, ..., 15, 15.5, 16, 
16.5} ¢ [0, 17), t} CV 


be the quasi vector subspaces of V over F = Z,7 as C; is not 
closed under product so C,’s are not sublinear algebras of V 
over F. 


We have C; 7 Cj = {(0, 0, 0)} if14j, 1 < i,j <3 yetC, + C, 
+ C3=CcC Vis only a quasi subvector space of V over F and is 
not a direct sum of V. Infact C is also finite dimensional over F. 


The special pseudo interval linear algebra has also sublinear 
algebras such that the sum is not distinct. 
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For let 


T, = {(ai, a, 0) | aj, a2 € [0, 17), ac x} = V, 
Tz = {(0, aj, az) | a1, a2 € [0, 17), +, x} C V and 
Ts = {(ai, 0, ap) | aj, a2 © [0, 17), ae x} = Vv 


be special interval linear subalgebras of V over F. We see 
Ti A T; # {(0, 0, 0)} even ifi#j, 1 <i,j <3. 


Further V c T, + T, + T3 so V is not a direct sum. 


Example 2.34: Let 

V = {(a), a2, a3, a4, as) | aj € [0, 38), 1 <1 < 5, +, x} be the 
special pseudo interval linear algebra over the field F = {0, 19} 
Cc Z3. 


Clearly V is an infinite dimensional linear algebra over F. 


Let W= {(a1, 0, a2, 0, 0) | aj, a2 € [0, 38), els x} = Vs W isa 
sublinear algebra of V over F. 


T = {(0, a), 0, 0, 0) | a, € {0, 19}, +, x} is a sublinear 
algebra of V of finite dimension over F. 


W OT = {(0, 0, 0, 0, 0)}. We see for every w € W and for 
every t € T we have t x w = (0, 0, 0, 0, 0, 0). 


However W + T c V and is again an infinite dimensional 
sublinear algebra of V over F. 


Let N = {(aj, a, a3, a4, as) | ai € {0, 0.5, 1, 1.5, 2, ..., 18, 
18.5, ..., 37, 37.5} C Zio, 1 <i < 15, +} C V is only a finite 
dimensional quasi vector subspace of V over F and is not a 
linear subalgebra of V over F. 
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Example 2.35: Let 


4 a; € [0, 6), 1 $iS7, +, xp} 


be a special pseudo interval linear algebra of V over the field 
F = {0, 3} c Ze. (Clearly F = Z). V is infinite dimensional 
over F. 


Take 


a, 
M= Jf) aye Ze, 1 <i<7,+, x} 

a, 
is a pseudo linear subalgebra of V over F = {0, 3}. 


Clearly M is finite dimensional. 


a 


Let x = and y = eM. 


re nN BW NY 
NW Bh Or NN 
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eM. 


NW BR Or NUN 
ll 
SCWN OW HO 


0 

2, 

3 
XXny=]4] Xn 

5 

1 

0 


0 5 

2 2 4 

3 1 4 
x+y=]4] +/0}/=/4] eM. 

5 4 3 

1 3 4 

0 2 


a = 4 = el, oe, res fan 


1//0])/0}}0}/0//0]]90 
O;}1]))/0})0)/0]}}0])0 
O;/O};1}))0};0]}0])0 
The basis B of M is «| 0],} 0],} 0],} 1 |,} 0],} 0],} 0 
0/;/O0})/O};;O;}1])0])0 
0/;/0];/0};;0};O]}}1])0 
10} {0} |0}{O}|O]}0} [1] 


The dimension of M over F is 7. 
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Let 


0 |} a eZ, 1<1<4,+,x,3$ CV 


be a special pseudo linear subalgebra of V over F. Clearly N is 
finite dimensional sublinear algebra of V. 


The basis of N is 


oooocco 
Sas ee Ss 
Seas eS 
Se eee 


Thus dimension of N over F is 4. 


Let 
a, 
a, 
B= 4] a, 


aye {0, 2,4} < Zs, 1S1<7,+, x} OV 
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be a special pseudo interval linear subalgebra of V over F. 


B is a finite dimensional linear algebra over F. 


A basis for B is 


ooo c.cCclmUcrcCOhUWN 
aoe SSeS 
= ere ee 
= SE 
ee eae 
ate. S SiS 
Sse SS ee 


Thus dimension of B over F is 7. Further |B| < . 
We can write V as a direct sum of sublinear algebras. 


If V = W, +... + Wi, t can maximum be seven and 
minimum value for t is 2. 


Let 


WwW, = 0 aj, a2 © [0, 6), a Xp} = Vv 


be a pseudo linear subalgebra of V over F. 
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W2= a 


a1,a2 € [0, 6), +; Xp} Cc Vv 


be a linear pseudo subalgebra of V over F. 


0 
0 
0 
W3= 5| 0 
a 
0 
0 


Wi= 


a; € [0, 6), +, x:} CV 


a1, a € [0, 6), +, xn} CV 


be a linear pseudo subalgebra of V over F. 
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Clearly 


W; 0 W; = ifizj,1<ij<4. 


cooooocoo oe 


Further V = W, + W2 + W;3 + W4; thus V is the direct sum of 
sublinear pseudo algebras over F. 


Let 


L, -_ aj, a2, a3 © [0, 6), an Xp} Sc V5 


Ly = 4| a, || a1, a2 € [0, 6), +, xn} Cc V and 
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L3 = 4| 0 || a1, a2 € [0, 6), +, x} CV 


be three linear pseudo subalgebras of V over F. 


Clearly 


al= ifi#j, 1<j,i<3 and 


ooo cco co 


V=L,+L,+L,; thus V is the direct sum of pseudo sublinear 
algebras of V over F. 


Let 


B, = 0 ay Ee [0, 6), a2 E Lo, ars Xn} CV 
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be a pseudo sublinear algebra of V over F. Clearly it is 
impossible to find more pseudo sublinear algebras so that B; 
can be in the direct sum of V. 


Infact B, is infinite dimensional over F; we cannot find B;’s 
to make them into a direct sum of V over F. 


Example 2.36: Let 


V=4/a, || a € [0, 11), 1 s<i<5,+, x,} 


be a special pseudo interval linear algebra over the field Z), = F. 


Clearly V is of infinite dimension. V can be written as a 
direct sum of sublinear algebras. 


V has quasi vector subspaces of finite dimension as well as 
infinite dimension. 


For take 


T, = 4] 0 |] ai, a2 € {0, 0.5, 1, 1.5, 2, 2.5, ..., 9, 9.5, 10, 10.5} 


¢[0, 11),+}oV 


is a quasi subvector space of V over F and dimension of T; over 
F is finite. 


58 | Special Pseudo Linear Algebras using [0, n) 


But 


a, 


Tr = 41 0 || a; € [0, 11) a €{0, 0.5, 1, 1.5, 2, 2.5, ..., 9, 


9.5, 10, 10.5} €[0, 11), +} CV 


be the quasi vector subspace of V as if 


(0.31 | 10 
0.5 1:5 

x=| 0 | andy=/ 0/ eT, 
0 
0 | 0 


0.31 10 3.1 
0.5 15 0.75 
xXx y=| 0 |x, | 0 |=] 0 | ¢T,as0.75 € {0,0.5, 1, 
0 0 0 
0 Or ill OE. | 


Fey 2520 95c0es 95.909 LOE TOS 11, 11,5) (0:11). 


Thus T, is only a quasi vector subspace and is not a pseudo 
linear subalgebra over F. 
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Example 2.37: Let 


a, g ay : 
V= a, € [0, 12), 1 <i< 18,+4, x,} 
Ayy Ay, AD 
43 Ay js 
a. a. a 


be the special pseudo interval linear algebra over the field F = 
{0, 4} Zi. 


V has quasi vector subspaces which are finite dimensional 
as well as quasi vector subspaces of infinite dimension. 


Take 
a, a, 4, 
0 0 0 ; 
M, = ‘4 ; a1, &, a € [0, 12), 1<1<18,4+,x,} CV 
0 0 0 


is a sublinear algebra of V over F of infinite dimension over F. 


a; a, a; 
O° GO 

Ni=y|-  -  . |{ 1 82 a3 € Zia +, Xf CV 
0 0 0 


is a sublinear algebra of V over F of finite dimension. 
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a, a, a, 
0 0 0 

N2 = a . || a1, a2, a3 € {0, 0.5, 1, 1.5, 2, 2.5, ..., 
0 0 0 


9, 9.5, 10, 10.5, 11, 11.5} €[0, 12), t} eV 


is only a quasi vector subspace of V as, in P; we cannot define 


product for if 
[0.5 0.5 1.5] 05 05-151 
0 0 O 0 0 O 
x=|0 0 Oj|fandy=/|0 O O/} €P,then 
Lo 0 0 | 0 0 0] 
OS 05-455 25°05: 15] 
0 0 O 0 0 0 
XXny=|0 0 O}x,] 0 O O 
0 0 O 0. SO" 30 
1250.25. 295) 
0 0 0 
=| 0 0 O | Z Pi. 
0 0 0 


Thus P, is only a quasi vector subspace of V over F. 
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Let 
a, a, a; 
0 0 0 
R, = eo ; a; € [0, 12), a), a3 € {0, 0.5, 1, 1.5, 
0 0 O 


D2 De cinas DOS, TO LOS; L113) eb 12) ey 
be a special quasi vector subspace of V over F. 


For if 


[3.2 0.5 0.5 >. 15°25 


x=|0 0 O|andy=|0 0 O | ER, then 


3.2 0.5 0.5 5.1.5 2.5 
0 0 0 0 0 O 


X Xp, Y= 0 0 0 Xn 0 0 0 
0 0 O 0 0 O 
4 0.75 1.25 


0 0 0 
=|0 0 O | ¢€R. 


We have infinite dimensional quasi subvector spaces as well 
as finite dimensional quasi subvector spaces. 
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We can write V as a direct sum of sublinear algebras. 


This way of representation of V as a direct sum is not 
unique. 


For 


V=41/0 0 0O|| ae [0,12),1<i<6,+,x,} 


= Ww, ® W> 
OO O 0 
0 OO O 
5 | ay 8g ay.) ape (0,12), 1 e125 1254, ab 
Lio ai, Ai 


is the direct sum as both W, and W, are special pseudo 
sublinear algebras of V over F and 


So 
=) 
So 


x 
») 
= 

ll 
° 
° 
° 


Similar we can write V as a direct sum of W, + ... + W; 
pseudo sublinear algebras where 2 <t < 18. 
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T can take the maximum value of 18 and minimum of 2. 


Let 
a, 0 
0 0 0 
Ay > 2 . 3 aye [0, 12), a Xn} = V, 
0 0 0 
0 a, 0 
0 0 O 
Ad = : : : ae [0, 12), ar Xn} Cc V, 
0 0 O 
ee: 
0 0 0 
A3= ao te eer [0, 12), +, x,} c V and 
0 0 O 
so on and 
0 O 
0 O 
Ais a : : : aig € [0, 12), ae Xn} 
0 0 a 


are all special pseudo interval linear subalgebras of V over the 
field F. 
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Clearly 


oo 
oo 


MnAHi|0 0-0}, 13142 Is, 


further V =A, + Ap+... + Ajg. 


Let 
Ay Gy Ay 
a, a, a, 
a, ag ay 
P= a € {0, 1, 2,..., 10, 11} =Zyp, 
Ayy Ay, AyD 
43° Ay ys 
Laie a7 Ag 


1<i<18,+, x,} 
be a special pseudo interval linear subalgebra of V over F. 


Clearly P is finite dimensional over F as a linear pseudo 
subalgebra of V over F. 


P=P,+Py+...+ Pig. 


a, 0 0 


0 0 0 
where Pi}= 35). .— . |} a1 © Zia, +, Xn} CV, 
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0 a, 0 
0 0 

| a € Zy, +, Xa} CP CV, «<5 
0 0 O 


Pis= ais € Zi, +, Xn} CP CV, 


O° H..0] 
Pis= ek on aye € Z12, +, Xn} CP CV, 
16 0 0 16 12 bere 


0 
a, O 0 
0 0 O 
Piz= 0 , a7 € Zi, +, Xn} CP CV, 
a, 0 
00 O 
Peed!” °° 7 | aeeeteeserev 
18 oe 6 18 12 Parc 
0 0 ag 


are all sublinear subalgebras of the linear pseudo subalgebra P 
over F. 


We see P=P, + Pp +...+ Pig c V and 
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Pi OP) = 


000 
000 
0 0 O|,i4j,1<ij< 8. 


10 0 0 


P is a subdirect subsum of the sublinear pseudo subalgebras 
of P (or V) but the direct sum does not give V. 


We can write P = P; + ... + P, where 2 < t < 18 but it is 
subdirect subsum of sublinear algebras. For P properly contains 


sublinear algebras of the special interval linear algebra V over 
F. 


We see 
a, 
0 

Wi= . , . fp are {0, 0.5, 1, 1.5, 2, ..., 11, 11.5} 
0 0 0 


S [0, 12), +, xn} CV 


is only a special interval quasi vector subspace of V and is not a 
sublinear algebra of V as; if 


[1.5 0 0 [25-0 9 
0 0 0 0 00 
A=!0 0 O/]andB=! 0 O O| € W, wesee 
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15 0 0 25 0 0 
0 0 0 0 00 
Ax,B=!10 0 O|x,] 0 O O 
0 0 0 0 0 0] 
3.75 0 0] 
0 00 
=| 0 0 O|lewW,, 
0 00 


thus W, is only a quasi vector subspace of V. 
Infact V has several such quasi vector subspaces some of 
them are of infinite dimensional and others are finite 


dimensional. 


For take 


Wi=4!. . || ae {0, 0.5, 1, 1.5, 2, ..., 11, 11.5} and 


b € [0, 12), +} CV, 
W> is only a special quasi vector subspace of V and it is infinite 
dimensional over F. 


We see W, is not a linear subalgebra of V over F as product 
cannot be defined on W2. 
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=) 
i) 
i) 
i=) 
=) 
So 


LetA=] 0 0 O}] andB=| 0 0 O| € Wo. 


0.5 3.12 0] [15 0.12 0 
0 0 0 0 0 0 
Ax,B=|0 0 O|x,|0 0 0 
Lo 0 0 0 0 0 
[0.75 0.3744 0 
0 0 0 


=| 0 0 0| ¢ W2 as 0.75 ¢ {0, 0.5, 1, 1.5, 


0 0 0 


2, ..., 11, 11.5} € [0, 12). 


Thus W, is only a special quasi vector subspace of V and is not 
a sublinear algebra. 


Further W3 is infinite dimensional over F. 


V has several such special quasi vector subspace which is 
infinite dimensional and is not a sublinear algebra of V over F. 


Even if we do not use the term pseudo it implies the special 
linear algebras are pseudo special linear algebras from the very 
context. 
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Let 
a; a, a, | 
0 0 O 
W;3 = 0 0 0 aj , a4, dg © [0, 12), a2, a3, a5 & {0, 0.2, 
a, Ag Het 


0.4, 0.6, 0.8, 1, 1.2, ..., 11, 11.2, ...., 11.8}  [0, 12)} cV; 


W; is a quasi vector subspace of V over F and is not a sublinear 
algebra of V over F. Clearly W3 is also infinite dimensional 


over F. 


Let 
| a, a, 4a, 
0 O 
M,= 0 O Off ae Zp; 1<1<18,x,,4+} CV 


is a special interval linear subalgebra of V over the field F. 


Clearly M is finite dimensional over F. 


Let 
a a, a; | 
0 oO O 
Iy=34| 0 0 0 || a € {0,.05, 1, 1.5, 2... 11, 


11.5} €[0,12), +; 1<i<18}cV 
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be a special interval quasi vector subspace of V over F and is 
not a linear subalgebra of V. Further L; is finite dimensional 
over F. 


Example 2.38: Let 


a, a, 19 
ay, ay sds Ang . 
V= a, € [0, 41), 1<i<40,+,x,} CV 
Az, Ago 239 
43, 3p 49 


be the special interval linear algebra over the field F = Za). 
Clearly V is infinite dimensional over F. 


Let 
a a, Ayo 
4a, App An : 
M, ai € Za, 1<1<40,+,x,}cV 
A, Any 439 
43; Az, A49 


be a special pseudo interval linear subalgebra of V over F of 
finite dimension. 


This M, has several special pseudo interval linear 
subalgebras of finite dimension over F = Z,). 


Let 
a, a, «.. ay 
a a ast se 
Ni= we ee NN sip ee AE O51: 1 SO ooo 11 3h 
a) Ano 439 
43, 37 ve Ay 


c[0,41), 1<i<40,+}cV 
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be a special quasi interval subvector space of V over F. Clearly 
N; is not a linear subalgebra. 


For if 
0.5 0.5 0... 0 1.5 0.5 0 0 
0 0 0... 0 2 0 0 0 
— and B= EN, 
15 0 0... 0 25 0 0... 7.5 
0 15 0... 0 0 0.5 0 0 
Then 
0.5 0.5 0... 0 1.5 0.5 0 0 
0 0 0.. 0 2 0 0... 0 
Ax, B Xn 
15 0 0... 0 25 0 0... 7.5 
0 15 0... 0 0 0.5 0 0 
0.75 0.25 0... 0 
2 0 0O.. 0 
a é Nj. 
3.75 0 0O.. 0 
0 0.75 0... 0 


Thus N; is not special pseudo linear subalgebra of V over F 
= Z,4, only a special quasi vector subspace of V over F and is of 
finite dimension over F. 


a, a, .. O 
0 oD 
Li = ayeay = 10;-055,.15.1,9;. 23355 11,105, 
0 » & 
0 ~ 0 


1.5 39, 39.5, 40, 40.5} C Za} CV; 
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L; is not a sublinear algebra over F = Z4, only a quasi vector 
subspace of V over Z4; and is finite dimensional over Z4). 


We have several such quasi vector subspaces some of them 
finite dimensional and some are infinite dimension. 


Now all the special interval linear algebras given by us are 
of infinite dimensional and infact were commutative. 


Now we proceed onto give examples non commutative 
special interval linear algebras. 


Example 2.39: Let 


a, a, 
be the special pseudo interval linear algebra over the field F = 
Z3. Clearly if A, B e V we see Ax B#B x A in general. 


a}, a2, 43, a4 © [0, 13), +, x} 


Thus V is a non commutative linear algebra of infinite 
dimension over F = Z}3. 


Let 


aoe ay 


is a special quasi vector subspace of V over F. 


a € {0, 0.5, 1, 1.5, ...., 12, 12.5, 4} eV 


Infact we have for some A, B in P;; A x B € V but is not in 


P, in general. 
1.5 0 0.5 0 
X= and y = e€ P). 
0 0 0 0 
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1.5 0 0.5 0 0.75 0 
Xxy= x = é Pi. 
0 0 0 0 0 0 


Thus P; is not a linear subalgebra only a quasi vector 
subspace of V. 


0.2 O 0.5 6 
Let A= and B = eV. 
1 0.5 0.2 1 
0.2 O 0.5 6 
We find A x B= x 
1 0.5 0.2 1 


Sh0A0". »T2 
0.5+.10 6+0.5 


_ [0.10 1.2 w 
|0.15 6.5 ; 
[0.5 6 0.2 0 

BxA = x 

10.2 1 1 0.5 
[0.14+6 3 6.1 3 

= = eh CID) 
|0.04+1 0.5 1.04 0.5 


Clearly I and II are distinct hence V is only a non 
commutative linear algebra over F. 


Example 2.40: Let 
Ai?” Ay< “Ay, “ay 


V= a; € [0, 22), 1 <i<16,+,x} 


be the special interval linear algebra over the field F = {0, 11}. 
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Clearly V is a non commutative linear algebra. This linear 
algebra is infinite dimensional. 


This has such pseudo special linear algebras which are 
commutative both finite or infinite dimension. 


a 0 0 0 
000 0 

Wi= a, € [0, 22), +, x} 
0 00 0 
000 0 


is a sublinear algebra of V which is commutative and is infinite 


dimensional. 
For if 
a 09 0 0 
M ve < Zn, +,x}ov 
ae aye 9, Xp 
1 0000 1 22 
0 0 0 0 


be a linear subalgebra of V over F. 


Clearly M; is commutative over F and is finite dimensional 


over F. 
a 0 0 0O 
0 a, 0 ; 
Ni = a; € [0, 22),1<i1<4,+,x}cV 
0 O as; 
O° 7-0) 0) ay 


be a pseudo linear subalgebra over the field F = {0, 11}. 


N; is a commutative pseudo linear subalgebra of infinite 
dimension over F. 
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a 0 0 0 
0 a, O 

M, = a € Zn, 1 <i<4,+,x} CV 
0 0 a, 0 
O° 0 © >a, 


is a linear subalgebra which is commutative and is of finite 
dimension over F. 


No = a; € [0, 22), 1<i<10,+,x}cV 


a, ag ay Aro 


is a sublinear algebra which is non commutative and is of 
infinite dimension over F. 


Let 
a D220) @ 
0 00 0 
T,= a, € {0, 0.5, 1, 1.5, 2, 2.5, ..., 21, 21.5} 
0 00 0 
0 00 0 


c [0, 22), +, x} CV 
be a quasi subvector space as if A, B ¢ T, A x B ¢ T; Is 
general. 


Hence T; is commutative and finite dimensional quasi 
subvector space of V. 
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Let 
a, a, 0 0O 
a, 0 O a, 
P, 46 40,05. 1, Lia 2 522, sesh 
GO». > @: 20 


O “ay de AZ 


21, 21.5} c [0, 22), 1<i<7,+,x} CV 


be a quasi vector subspace of V and is not a sublinear algebra 
for if A, B € Pj we see A x B ¢ P;. Thus P, is a quasi vector 
subspace of finite dimension over F. 


Example 2.41: Let 


a, a, a; 
V= /a, a, a, || a €[0, 14),1<i1<9,+, x} 
a, as ay 


be a non commutative special interval linear algebra over 
F = {0, 7}. V is infinite dimensional. 


As linear algebras V has sublinear algebras. V has quasi 
subvector subspace over F. 


Let 
a, 0 O 

M,=4|/0 a, O |} ae€[0,14),1<i<9,+,x}cV 
0 0 a, 


be an infinite dimensional special pseudo interval sublinear 
algebra over F. 


Clearly M, is a commutative pseudo linear algebra over F. 
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a, 0 O 
M,=3|0 a, 0 |] ae {0, 0.2, 0.4, 0.6, 0.8, 1, 1.2, ..., 13, 
0 O a, 


13.2, 13.4, 13.6, 13.8} < [0, 14), 1 <i<3,+,x} CV 


is only a quasi vector subspace of V but it is not a linear 
subalgebra of V as if A, B € My we see A x B ¢ Mp. 


However V is a finite dimensional quasi vector subspace of 
V which is commutative over F. 


0.2 0 O 0.8 O 0 
LetA=| 0 06 0 |]andB=]} 0 12 0]¢€M); 
0 oO 08 0 oO 24 
0.2 0 O 08 O O 


AxB=|0 06 0 |x 


Hence the claim. 


Let 
a, a, O 
A=,5|0 a, 0 || ag, aj € [0, 14) a, a3, a5 € {0, 0.5, 1, 1.5, 
a, O a, 


2, ..-5 12, 12.5, 13, 13.5} € [0, 14),+,x} cV 
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be the special quasi vector subspace of V and A is not a linear 
subalgebra. 


Certainly A is only a quasi vector subspace of V of infinite 
dimension over F. 


Thus V has both finite and infinite dimensional quasi vector 
subspaces. 


V has both finite and infinite dimensional linear subalgebras 
over F. 


The question of non commutatively does not arise in case of 
quasi vector subspaces; however in case of linear subalgebras 
we may have them to be commutative or otherwise. 


Example 2.42: Let 
V = {(a; | a2 a3 ag | as) | aj € [0, 5), 1 <i <5, +, x} be a special 
interval linear algebra over the field F = Zs. 


V has sublinear algebras as well as quasi vector spaces of 
infinite and finite dimension. 


M; = {(a; |0 00] 0) | a; € [0, 5), +, x} c V is a sublinear 
algebra of infinite dimension over F. 


N; = {(a, | 000] 0) | a; € Zs, +, x} C V is a sublinear 
algebra of finite dimension over F. 


W, = {(a, |000] 0) | a; € {0, 0.2, 0.4, 0.6, 0.8, 1, 1.2, ..., 
4.2, 4.4, 4.6, 4.8} c [0, 5), +, x} GC Vis only a quasi vector 
space we see if 


X = {(0.2 |0 00] 0)} and Y = (0.8 | 000 | 0) € W, then 
Xx Y= (0.2|000|0) x (0.8|000]|0)=(0.16|000]|0) ¢ 
W,, so W; is only a special quasi vector subspace of finite 
dimension over F and is not a sublinear algebra over F. 
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Let 
W2 = {(a; | a2 0 0 | a3) | ay a2 © Zs and az © [0, 5), +, x} C V be 
the special interval linear subalgebra of V over F. 


Clearly W> is of infinite dimensional over F. 


Let L; = {(0 | a; a2 a3 | 0) | a; © Zs, 1 <1 < 3} CV be linear 
subalgebra of V over F. Clearly L, is of finite dimension over 
F, 


Let S; = {(0 | a; a2 a3 | 0) | aj © {0, 0.2, 0.4, 0.6, 0.8, 1, 1.2, 
wey 4.2, 4.4, 4.6, 4.8! c [0, 5), 1 <1 < 3} Cc V be a quasi 
subvector space of V over F and is not a linear algebra for if 
X= (0 | 0.4, 0.8, 1.2 | 0) and Y = (0 | 0.2, 0.8, 1.2 | 0) € Sj, then 
Xx Y= (0| 0.4, 0.8, 1.2 | 0) x (0 | 0.2, 0.8, 1.2 | 0) = (0 | 0.08, 
0.64, 1.44 | 0) ¢ Sj, so S; is only a quasi vector subspace of V 
and is not a linear subalgebra of V over F. 


Example 2.43: Let 


V= {|= 1] a; € [0, 12), 1 <i <6, +, xp} 


be the special interval linear algebra over F = {0, 4, 8} C Zp. 
Clearly V is commutative and is infinite dimensional over F. 


V_ has sublinear algebras of finite as well as infinite 
dimension. V also has quasi vector subspaces of both finite and 
infinite dimension over F. 
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Let 


& 


tab) 
N 


M, = a; € [0, 12), 1<i<3,+,x)3 CV 


o|lco off 


is a pseudo special sublinear algebra of V over F. 


Clearly dimension of M, is of infinite cardinality over F. 


N,= a € Zp, 1 <i<3,+,x,.}CV 


o|co olf 


is a pseudo special sublinear algebra of V over F. Clearly 
dimension of N, over F is finite. 


L,= ai € {0, 0.2, 0.4, 0.6, 0.8, 1, 1.2, ... 


11.2, ..25 11.8} € [0, Zi), 1 $i<3,+4} CV 


is only a quasi vector subspace of V over F. 
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For if A, B € L; in general Ax, B ¢ V. 


0.4 1) 
0.8 0.6 
0.6 0.4 
Take A = nN and B= 0 in L;. 
0 0 
[0.4 | 1.2] [0.48] 
0.8 0.6 0.48 
0.6 0.4 0.24 
Ax, B= 0 | *)0 17170 ¢ L, as 0.48, 0.24 ¢ {0, 0.2, 
0 0 0 
fo} fo} fo] 


0.4, 0.6, 0.8, 1, 1.2, 1.4, 1.6, 1.8, 2, ..., 11, 11.2, 11.4, 


11.6, 11.8} €[0, Zi). 


0 
A=4|—|| a, € [0, 12), ay, a3 € {0, 0.5, 1, 1.5, ..., 11, 


11.5} [0, 12), +, xn} © V3 


A is only a quasi vector subspace of V and is not a pseudo 
special linear subalgebra of V over F for x, is not defined on A. 
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[0.5] 3 
0 0 
0 0 
Take x = 05 and y = is eA. 
0 0 
13 | 05 
[0.5 | io) ae eee 
0 0 
0 0 0 
X™Y-lo5] 175] 1075 ¢ Aas 0.75 ¢ {0, 0.5, 
0 
is} (03) [075] 


1, 1.5, ..., 11, 11.5} €[0,12). 


Thus A is only quasi vector subspace of V over F. 


A is an infinite dimensional quasi vector subspace of V over 
F. 


Hence we have quasi subspaces of finite and infinite 
dimension and similarly sublinear algebras of infinite and finite 
dimension. 
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Example 2.44: Let 


=e Be a [0, 13), 1 <i<30,+, x,} 


Ang Ay5 439 


be a special pseudo interval linear algebra over the field Z3. 


This linear algebra is commutative and is _ infinite 
dimensional over Z)3 = F. 


V has quasi subspaces of finite as well as infinite dimension 
over F. Infact V has both sublinear algebras of finite and 
infinite dimension over F. Take 


a, a, a, ] 

a, as a6 

a, as ay 

A109 aio 

p,=4|*2 a; € Zn, 1<i<30,4,%)} CV: 

A6 

Aro 

a5) 

455 

Ang Ano As 
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P, is a sublinear algebra of finite dimension over F. 


Let 


ae 
2 

nN 
pee) 

w 


P, = a; € [0, 13), 1 <i<3,+,%} CV 


oo o;jojo ooo °e 
oo o;jojor oo;joo 
oo o;}Co}Co oo;o ao 


be a special interval linear subalgebra of V over F. 
However P) is infinite dimensional sublinear algebra over F. 


Let 


2 
2 

i) 
2 

w 


P; = aj, a2, a3 E {0, 0.5, 1, Leds ar? 12, 12.5} c 


oo oO};Co;o eo o;}o ©& 
coo o;jojcn co oj}o © 
coo o;}jojcon co Co}o © 


[0, 13), +, x} CV 
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be a special interval quasi vector subspace of V_ over 
F = Z,3. Clearly P3 is not sublinear algebra over F. Dimension 
of P; over F is finite dimensional. Let 


2» 
ro) 

nN 
io) 

WwW 


Py= a, a, a3 € {0, 0.5, 1, 1.5,...,12, 12.5} c 


oo o;}oj}jCo oo;ooe 
oo o;}o}o oOo o}o Oo 
oo o;}o}Co oo;o Oo 


—— 


[0, 13), +, x} cV 


be a special interval quasi vector subspace of V and is not a 
sublinear algebra over F. 


i) 
F-s 
i) 
an 
ix 
an 


P;= ai € Z3, a € (0, 13), 1 <1<3,1<j <3, 


oo ool;}ooo/l}o 
oo o1ro;jo co Co; oOo 
oo o}Co}o oO CO; oO 


— 


+, X;} CV 


is a special interval linear algebra over the field F = Z,; of 
infinite dimension over F. 
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Thus we can have several such special interval linear 
subalgebras both of finite and infinite dimension over F = Z3. 


Example 2.45: Let 


[0, 41), 1 <i <30,+, x,} 
be the special interval linear algebra over the field F = Z4). 
V has several quasi subvector spaces of finite and infinite 
dimension over F. V has also special interval linear subalgebras 


over F. Thus this study leads to several interesting results. 


Now we can define linear algebras and vector spaces using 
polynomials. 


We call 


a, € S=[0, n), 


S[x] = {Zax 
i=0 


n < oo the special interval} to be the polynomial ring over the 
special interval ring ({0, n), +, x). We see if p(x), q(x) € S[x] 
then p(x) x q(x) € S[x]. 


These special pseudo interval rings {[0, n), +, x} has been 
introduced earlier in the book [11]. These rings are infact 
pseudo interval integral domains if n is a prime; only in case of 
nanon prime S will have zero divisors. 


As n> 1, clearly 1 © [0, n) serves as the identity with 
respect to multiplication. S[x] the special interval pseudo 
polynomial ring can have zero divisor only if S is built using [0, 
n),na non prime. 
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We will illustrate this situation by some examples. 


Example 2.46: Let 


a; € [0, 23), +} 


S[k] = {ax 
i=0 


be the special interval vector space over the field Z,3. 
Let 


aj € Z73} CS[x] 
i=0 


P[x] = {Sax 


be a special interval vector subspace of S[x] of infinite 
dimension. The basis for P[x] is {1, x, x, ..., X", ..., > a}. 


However S[x] is infinite dimensional but has a different set 
of basis. 


Let 


a € {0, 0.5, 1, 1.5, 2, 2.5, ..., 


M[x] = {ax 


i=0 


22.5} & [0, 23)} & S[x] 
be an infinite dimensional vector subspace of V over F = Z)3. 


Clearly the dimension of V = S[x] over F is different from 
the dimension of M[x] c V over F. 


Let 


a, € [0, 23)} CS[x] 


T[x] = {Zax 
i=0 
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be a subspace of S[x] which is of infinite dimension over F. 


Example 2.47: Let 


a; € [0, 62)} 


S[x] = x a,x’ 
i=0 


be the special interval polynomial vector space over the field 
F = {0, 31}. S[x] has several subspaces both of finite and 
infinite dimension. 


Take 


12 
P[x] = [Sean a; € {0, 31},0<i< 12, +} cS[x] 


i=0 


a subspace of S[x] and is finite dimensional for B = {31, 
31x, 32x”, ..., 31x'7} C P[x] is a basis of P[x] over F = {0, 31}. 


Clearly dimension of P[x] is 13 over F. 


We take 


4 
T[x] = {Sax a € {0,31},0<i< 4} cS[x] 


i=0 


a vector subspace of S[x] and T[x] is finite dimensional over F 
and dimension of T[x] is 5 over F and the basis of T[x] is given 
by B = {31, 31x, 31x’, 31x°, 31x}. Thus we have several such 
subspaces of finite dimension over F. 


Let 


D[x] = {Zax ai € {0, 2, 4, 6, 8, ..., 60} C Zoo} C S[x] 


i=0 
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be a infinite dimensional vector subspace of S[x] over F. 


Thus S[x] the special interval polynomial vector space has 
both finite and infinite dimensional vector subspaces over F. 


If in S[x] we can define the notion of product then we 
define S[x] to be the special interval polynomial pseudo linear 
algebra over the field F. 


To this end we will give some more examples. 


Example 2.48: Let 


21 
S[x] = {Sax a; € [0, 41),0<i<21} 


i=0 


be the special interval polynomial vector space over F = Za). 
Clearly S[x] is not a special interval polynomial linear pseudo 
algebra as x cannot be defined on S[x]. 


Let p(x) = x*? + 3x” + 1 and q(x) = 3x'* + 8x + 31 © S[x] 


p(x) x q(x) = (x*? + 3x” + 1) x (3x"” + 8x + 31) 

= 3x? + Ox!4 4 3x)? + 8x7! + 8x? + 24x3 + 93x? + 31x79 + 31 

= 3x? + 8x7) + 31x” + 9x!4 + 3x! + 24x? + 19x? + 31 ¢ 
S[x]. 


This product cannot be defined in S[x], so S[x] is only 
special interval polynomial vector space and not a special 


interval pseudo linear algebra. 


Example 2.49: Let 


a; € [0, 12), 0<i1<7,4 


S[x] = {ax 
i=0 
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be a special interval vector space of polynomials over the field 
F = {0, 8, 4} C Z)2. S[x] is only a vector space and not a special 
pseudo linear algebra. 


S[x] is infinite dimensional over F. However S[x] has finite 
dimensional subspaces as well as infinite dimensional 
subspaces. 


Let 


: 
P[x] = Dax a, € {0, 2, 4, 6, 8, 10} CZp2,0 <i <7} CS[x] 


i=0 


be a finite dimensional vector subspace of S[x] over F. 


Let 


F 
T[x] = {Zax 10/1 05.195. 2, 9.5, 3.3 Sch 1153 


i=0 


<[0, 12), 0<i<7} CS[x] 


be a finite dimensional polynomial vector subspace of S[x] over 
F= {0, 8, 4} = Z)2. 


Let 


a; € [0, 12),0<i<3} CS[x] 


i=0 


3 
Vix] = {Dax 
is an infinite dimensional vector subspaces of S[x] over F. 
Thus S[x] has both finite and infinite dimensional 


polynomial vector subspaces. However S[x] is never a pseudo 
special linear algebra. 
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Inview of all these we just state the following theorem the 
proof of which is direct. 


THEOREM 2.5: Let V be a special interval pseudo linear 
algebra defined over a field F. V is always a special interval 
vector space over F however every special interval vector space 
defined over a field F in general is not a special interval pseudo 
linear algebra. 


Example 2.50: Let 


a; € [0, 7), 0<i< 12} 


12 
V=S[x]= [Sean 


i=0 


be the special pseudo interval polynomial vector space over the 
field Z7. Clearly V is never a linear algebra. 


Dimension of S[x] over F is infinite. However S[x] has 
subspaces of finite dimension. For take 


12 
T[x] = {Sax ai € Z7,0<i<12}cV 


i=0 


is a subspace of V but T[x] is of finite dimension over F = Z7. 


Let 


5: 
WIx] = {Zax ai € {0, 0.2, 0.4, 0.6, 0.8,, 1, 1.2, ..., 6, 6.2, 


i=0 


6.4, 6.6, 6.8} c[0, 7),0<i<5} CV; 


WJ[x] is a finite dimensional vector subspace of S[x] over F. 


a; € [0, 7),0<i<5} CS[x] 


B[x] = {Zax 
i=0 
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is an infinite dimensional vector subspace of x over the field F. 


However we can have special interval polynomial pseudo 
linear algebras over a field. 


We will illustrate this situation by a few examples. 


Example 2.51: Let 


aj € [0, 255), ahs x} 


S[x] = {Zax 
i=0 
is a special interval polynomial pseudo linear algebra over the 
field F = Z3. 


S[k] has quasi vector subspaces which are not linear 
subalgebras both of finite and infinite dimension over F = Z3. 


Also S[x] has linear pseudo subalgebras all of them are 
infinite dimensional over F. 


Let 


P[x] = {Sax ay 10:0-5; 1, 1:5)9, 2:5; 3.95, 599 99.5) 


i=0 


S [0, 23)} ¢ S[x] 


be a subspace of S[x] over F. Clearly P[x] is an infinite 
dimensional quasi vector subspace of S[x] over F. 


P[x] is not a pseudo linear subalgebra of S[x] over F. 


Let 


20 
T[x] = [Sean a; € Zp3, 0 <i< 20, +} c S[x] 


i=0 
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be a finite dimensional quasi subset vector space over F. 
Clearly T[x] is not a pseudo sublinear algebra. 


Infact 


B[x]= {Zax a; € Zp3, +, x} C S[x] 


i=0 


is a pseudo linear subalgebra of S[x] over F and dimension of 
B[x] is infinite over F. 


D[x] = {Sax a; € [0, 23), +, x} CS[x] 


i=0 


is a linear pseudo subalgebra of infinite dimension over F. 
Clearly D[x] has uncountable infinite basis. 


Example 2.52: Let 


a; € [0, 34), +, x} 


S[x] = {Zax 
i=0 


be a special interval pseudo linear algebra over the field F = {0, 
17} = Z34. 


S[x] has quasi vector subspaces also linear pseudo 
subalgebras of finite and infinite dimension. 


a, € {0,17},0 <I <5, +} cS[x] 


Let T[x] = {Zax 


i=0 


be a special quasi vector subspace of V over F and dimension of 
T[x] is finite. However T[x] is not closed under product. 
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ai € Z34, +, x} cV 
i=0 


L[x] = {Sax 


is a special interval pseudo linear subalgebra of V over F. 


Clearly L[x] is infinite dimensional over F. 


M[x] = {Sax 


i=0 


aie 10, 0.5, 1.0.5, 2, 2.5; 164. 3S pe tf 


is only a quasi vector subspace over F and it is not a pseudo 
linear subalgebra as if p(x) = 0.5x° + 1.5x* + 0.5 and 
q(x) = 1.5x” + 0.5x + 0.5 € M[x]. 


p(x) x q(x) = (0.5x? + 1.5x” + 0.5) x (1.5x” + 0.5x + 0.5) 
= 075x° + 2.25x* + 0.75x* + 0.25x* + 0.75x’ + 0.5 
= 0.75x° + 2.5x* + Ox? + 1.5x? + 0.25x + 0.25 ¢ M[x]. 


Thus M[x] is only a quasi subvector space over F. 


Clearly M[x] is an infinite dimensional over F. 


5 
WIx] = {Zax a; € [0, 34), 0<i<5, +} CV; 


i=0 


W(x] is a infinite dimensional vector subspace over F but W[x] 
is not a linear pseudo subalgebra over F. 


a; € {0, 0.5, 1, 1.5, 2, 2.5, ..., 33.5},0<i<7, 


i=0 


D[x] = {Zax 


+} ¢ S[x] 
be a special quasi polynomial vector subspace over F. 


Clearly D[x] is finite dimensional over F. 
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Example 2.53: Let 


aj € [0, 39); Ty x} 


S[x] = {ax 


i=0 


is a special interval pseudo linear algebra over the field 
F = {0, 7, 14, 21, 28} C Zs. S[x] is infinite dimensional over F. 
S[x] has quasi subspaces both of finite and infinite dimensional. 


Let 


a, € F,0<i<7} CS[x] 
i=0 


M[x] = {Zax 


be the quasi vector subspace over F. Clearly M[x] is not a 
linear pseudo subalgebra. 


Let 


5 
WIx] = {ax a; € F,0<i<5} cS[x] 


i=0 


be the special linear pseudo subalgebra of V over F. Clearly 
dimension of W[x] is infinite over F. 


aie 10;05,1,15,2,2. 54.345) 


B[x] = {Sax 


i=0 


& [0, 35), 0<i<8,4}cV; 


is a special quasi vector subspace of V of finite dimension over 
F. Clearly B[x] is not a linear pseudo subalgebra of V over F. 


Infact V has infinitely many finite dimensional quasi vector 
subspaces over F. Also V_ has infinitely many infinite 
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dimensional quasi vector subspaces over F where none of them 
are linear pseudo subalgebras of V over F. 


It is important to note none of the pseudo sublinear algebras 
are finite dimensional. 


We see these polynomial pseudo linear algebra have 
sublinear pseudo algebras of infinite dimensions where at least 


one is of countable infinity. 


Example 2.54: Let 


aye [0, 43), a x} 


V =S[x]= {Sax 
i=0 


be the special interval pseudo linear algebra over the field 
F= Z43. 


Let 


a; € [0, 43), 5<i<9,+,x} CV 


M, = p3 a,x’ 
i=5 


be a special interval quasi subspace over F and M, is not a linear 
pseudo subalgebra of V over F. 


For if p(x) =x° + 10x® + 20x” 
and q(x) = 6x’ + 2x° e M, 


Now p(x) x q(x) = (x° + 10x*® + 20x’) x (6x’ + 2x°) 
= 6x’? + 60x'> + 120x'* + 40x"° 
= 6x! + 40x! + 17x5 + 34x!° 
= 6x!? + 34x!6+ 14x) ¢ Mh. 


As all polynomials in M, is of degree less than or equal to 9 
and greater than or equal to 5. Thus M, can only be a quasi 
special subvector space of V over F. 
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a; € [0, 43), +,0<i<7} CV 


Ni = {Zax 
i=0 


be the special interval quasi vector subspace of V over F. 
Clearly N; is infinite dimensional over F but N, is not a pseudo 
linear subalgebra of V over F. 


Np = {Sax 


i=0 


a € Zy3,0<51<9} CV 


is a special quasi vector subspace of V over F. Clearly N> is 
finite dimensional. 


Further N> is not a linear pseudo subalgebra of V over F. 


N; _ {ax 


i=0 


ai € {0, 0.5, 1, 1.5, ..., 41, 41.5, 42, 


42.5}, <[0, 43), +, x} CV 


is a special quasi vector subspace of V of infinite dimension 
over F. 


Clearly N3 is not a linear pseudo subalgebras as 
p(x) = 9.5x° + 0.5 and 1.5x* + 0.5 and q(x) = 1.5x° + 0.5 € Np 
then q(x) x p(x) = (1.5x* + 0.5) x (9.5x° + 0.5) 


= 14.25x"* + 4.75x° + 0.75x* + 0.25 ¢ N3 as none of the 
coefficients are in {0, 0.5, 1, 1.5, 2, ..., 42, 42.5} c {[0, 43)}. 
Hence N; is a linear pseudo subalgebra of V over F. 


Now we proceed onto suggest some problems some of 
which are very difficult and can be realized as research 
problems. 
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Problems 


1, 


Obtain some special features enjoyed by special interval 
vector spaces. 


Distinguish the properties between special interval linear 
algebras and vector spaces. 


Give an example of a special interval vector space which 
is not a special interval linear algebra. 


Show all special interval linear algebras are infinite 
dimensional. 


Let V = {[0, 21), +} be the special interval vector space 
over the field F = {0, 7, 14} CZ). 


(i) Show V is infinite dimensional over F. 

(ii) Find 5 subspaces of V of finite dimension over F. 
(111) Can V have subspaces of infinite dimension over F? 
(iv) Can V be written as a direct sum of subspaces? 


Let V = {[0, 47), +} be the special interval vector space 
over the field Z47. 


Study questions (i) to (iv) of problem 5 for this V. 


Let V = {[0, 29), +} be the special interval vector space 
over the field Zo. 


Study questions (1) to (iv) of problem 5 for this V. 


Let V = {[0, 6), +} be the special interval vector space 
over F = {0, 3} Cc Ze. 


(i) | Study questions (i) to (iv) of problem 5 for this V. 
(ii) | Study questions (i) to (iv) of problem 5 for this V if 
F is replaced by the field {0, 2, 4} c Ze. 


10. 


13. 


14. 


15. 
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Let V = {[0, 2p), p a prime, +} be the special interval 
vector space over the field F = {0, p} c [0, 2p). 


(i) | Study questions (i) to (iv) of problem 5 for this V. 
(11) Prove Z>, has only two subsets which are fields. 


Let V = {[0, 24), +} be a special interval vector space 
over a field F C Z4. 


(i) | How many subsets in Z>, are fields? 
(ii) | Study questions (i) to (iv) of problem 5 for this V. 


Let V = {[0, Z30), +} be a special interval vector space 
over a field F = {0, 10, 20} C Z30. 


(i) | Study questions (i) to (iv) of problem 5 for this V. 
(ii) | Find all subsets in Z39 which are fields of Z30. 


Prove all special interval vector spaces 
V = {[0, n), +, n < oo} are always closed under x mod n 
but product does not in general distribute over addition, 
that isa x (b +c) #axb+axc forall a, b,c © [0, n). 
Hence V is a special interval linear algebra over F C Z,. 


(i) | Prove V has quasi vector subspaces which are not 
special pseudo linear subalgebras over F. 


Is it possible to have a special interval pseudo linear 
algebra which has no linear pseudo subalgebras? 


Is it possible to have special interval linear pseudo algebra 
which has no special quasi vector subspaces? 


Let V = {[0, 28), +, x} be a special interval pseudo linear 
algebra over a field F € Zp. 


(i) Find special interval linear pseudo subalgebras of V 
over F. 
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20. 


(ii) Can V have infinite number of linear pseudo 
subalgebras over F? 

(111) Is it possible to have linear pseudo subalgebras of V 
of finite dimension over F? 

(iv) Can V have special quasi vector subspaces of 
infinite dimension over F? 

(v) Is it possible for V to have special quasi vector 
subspaces of finite dimension over F? 

(vi) How many infinite number of basis can V have? 

(vii) Find all subsets in Z,g which are subfields of Zs. 


Let V = {[0, 48), +, x} be a special interval pseudo linear 
algebra over a field F € Zag. 


Study questions (1) to (vii) of problem 15 for this V. 


Can Zo , p aprime be a S- pseudo special interval ring? 


Let V = {[0, 660), x, +} be a special interval pseudo 
linear algebra over F € Ze60. 


Study questions (i) to (vii) of problem 15 for this V. 


Let V = {[0, 420), x, +} be a special interval pseudo 
linear algebra over F € Zay9. 


Study questions (1) to (vii) of problem 15 for this V. 


Let V = {(aj, a, a3, a4) | a; € [0, 83), 1 <1 <4, +, x} be the 
special interval pseudo linear algebra over F = Zg3. 


(i) | Find all sublinear pseudo algebras of V over F of 
finite dimension. 

(11) Find all quasi vector subspaces of V over F of finite 
and infinite dimension over F. 

(iii) Find all linear operators of V. 

(iv) Can V be written as a direct sum of sublinear 
pseudo algebras over F? 
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(v) Find the algebraic structure enjoyed by 
Vr={T: VV}. 


21. Let V = {(a1, a2, a3, a4, as) | ay € [0, 42), l<i< 3; a x} 
the special interval pseudo linear algebra over F C Zu (F 
a field in Z42). 


(i) Find all subsets of Z4. which are fields in Z4. 
(ii) | Study questions (i) to (vii) of problem 15 for this V 
over all the fields in Zap. 


22. Let 


V=3| 7 || a] [0, 19; 1 <i<7,+, x} 
a, 
be the special interval pseudo linear algebra over F = Zio. 


(i) | Study questions (i) to (vii) of problem 15 for this V 
over all the fields in Za. 


23. Let 
V = {(aj | a2 a3 a4 | as ag | a7) | aj © [0, 46), 1 <1 <7, +, x} 
be the special interval pseudo linear algebra over a field F 
Cc Lo. 


(i) | Study questions (i) to (vii) of problem 15 for this V. 

(ii) | Find all subspaces (sublinear pseudo algebras) 
which are orthogonal to P = {(a; |0 0 0 | a2 0 | as) | 
a; € [0, 46), 1 <1<3,+,x}cCV. 


24. LetV=4) . || a € [0, 86), 1 <i<10,+, xp} be the 
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special interval pseudo algebra over a field {0, 43) € Zee. 
Study questions (i) to (vil) of problem 15 for this V. 


25. Let 


V= 4/44 || a: € [0, 22), 1<i<7,4, x} 


a; 
be the special pseudo interval algebra over a field F € Zp. 
Study questions (1) to (vii) of problem 15 for this V. 


26. Let 


Ge Bg By. Ag Ag; “By 


ay Hig 
Bits. “ah. ee, Voee> Sie 
V= a; € [0, 61), 1<i< 36, 
Big. He oe, GO SE Hy 
a5 439 
a3, 36 


+, x} 


be the special pseudo interval algebra over a field F = Zg:. 


Clearly V is a non commutative pseudo linear algebra over 
F, 


(i) | Study questions (i) to (vii) of problem 15 for this V. 
(ii) | Find all commutative linear pseudo subalgebras and 
commutative vector subspaces of V over F = Zo). 
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27. Let 
a, A5/ By. By 
as ae a, ag : 
V= a, € [0, 11), 1 <i< 16,+, x} 
Ag Aig Ay, AyD 


43 Ay As AG 


be the special interval linear pseudo algebra over F = Z)). 


(i) | Study questions (i) to (vii) of problem 15 for this V. 

(ii) | When are these sublinear pseudo algebras 
Commutative? 

(iii) Find those subvector spaces which are 
commutative. 


28. Let 


ae oa: a: A 


1 <1i1<36,+, x} 


is a special interval linear pseudo algebra over F = Z)3. 
Clearly V is non commutative. 


(i) | Study questions (i) to (vii) of problem 15 for this V. 
(ii) | Study questions (ii) of problem 26 for this S. 
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29. Let 
[a, a, a. 
a5 a, 10 
Vola ayo i Be || ee 10, Id), PE 1S 25,4} 
Aig Any Arg 
L942; Ag» 55 


be the special interval pseudo linear algebra over the field 
F CZ); (F # o a subset which is a field). 


(i) | Study questions (i) to (vii) of problem 15 for this V. 
30. Prove all special interval polynomial linear pseudo 
algebras are always of infinite dimension (if x" = 1 is not 
used for n < 0) over the field on which it is defined. 
31. Obtain some special and interesting features enjoyed by 
special interval polynomial linear pseudo algebra defined 


over a field F. 


32. Let 


a; € [0, 43), 


1<i<30,4, x} 


be the special interval linear pseudo algebra over the 
field Z43. 


Study questions (1) to (vii) of problem 15 for this V. 
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33. Let 


7 Ag] a, Ay ay, | a, |] a € [0, 241), 
43 Aig | As Aye 7 | jg 


1<1<18,4%3 


be the special interval linear pseudo algebra over the field 
Zn41- 


Study questions (1) to (vii) of problem 15 for this V. 


34. Let 


a, a, 
be the special interval linear pseudo algebra over the field 
F= Z3. 


a, € [0, 3), 1 <i<4,+, x} 


Study questions (1) to (vii) of problem 15 for this V. 


35. Give special features enjoyed by special pseudo interval 
linear algebras. 


36. Let 


a; € [0, 7), +, x} 


S[x] = {Sax 
i=0 


be the special interval polynomial linear pseudo algebra 
over the field Z, = F. 


(i) | Study the special linear pseudo subalgebras of V 
over F. 


106 | Special Pseudo Linear Algebras using [0, n) 


37. 


38. 


39. 


(ii) | Will every sublinear pseudo algebra of V over F be 
infinite dimension? 

(iii) Find quasi vector subspaces of V over F of both 
finite and infinite dimension over F. 


Let 
aj € [0, 46),0<1< 19, +} 


19 
V= {Sax 
i=0 


be a special interval vector space over the field 
F = {0, 23} C Zag. 


(i) Show V is not a special linear pseudo algebra. 

(ii) Prove dimension of V over F is infinite. 

(iii) Find vector subspaces of V which are finite 
dimensional over F. 

(iv) How many vector subspaces of V over F are finite 
dimensional? 

(v) Find all vector subspaces of V over F of infinite 
dimension. 

(vi) Can subspaces of V of finite dimension have more 
than one basis? 

(vii) Is it possible to have a vector subspace of 
dimension 8? 


Let 


aj € [0, 5),0<1< 90, +} 


90 
V= {Sia 
i=0 


be a special interval vector space over F = Zs. 
Study questions (1) to (vii) of problem 37 for this V. 


What will happen if [0, 5) in problem 38 is replaced by 
[0, 51)? 

Study questions (i) to (vii) of problem 37 for this V with 
[0, 5) replaced by [0 51). 


Chapter Three 


SMARANDACHE SPECIAL INTERVAL 
PSEUDO LINEAR ALGEBRAS 


In this chapter we define two new concepts viz., Smaradache 
special interval pseudo linear algebra (S-special interval pseudo 
linear algebra) and Smarandache strong special interval pseudo 
linear algebra. They are illustrated by examples and described 
and developed in this chapter. 


DEFINITION 3.1: Let S = {/0, n), +} be the additive abelian 
group. Let Z, <[0, n) be Smarandache ring. Let S be a special 
interval vector space we define S as a Smarandache special 
interval vector space over the S-ring Z,,. 


Here instead of the field in Z, we use the totality of Z,. We 
give examples of them. 


Example 3.1: Let S = {[0, 6), +} be a S-special interval vector 
space over the S-ring Z¢. 


Example 3.2: Let S = {[0, 15), +} be a S-special interval vector 
space over a ring S-ring Z)5. 
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Example 3.3: Let S = {[0, 14), +} be a S-special interval vector 
space over the S-ring Z4. 


Example 3.4: Let S = {[0, 46), +} be a S-special interval vector 
space over the S-ring Z4g. 


Example 3.5: Let S = {[0, 21), +} be the S-special interval 
vector space over the S-ring Z». 


We prove the following theorems. 


THEOREM 3.1: Let S = {[0, 2p), +}, pa prime; S is a S-special 
interval vector space over the S-ring Zyp. 


Proof follows from the simple fact as Z>, is a S-ring for {0, 
Pp} C Zp» is a field. 


THEOREM 3.2: S = {/0, 3p), +} (p a prime) is a S-special 
interval vector space over the S-ring Z3p. 


Proof follows from the fact Z3, is a S-ring. Hence the 
claim. 


THEOREM 3.3: S = {/0, pq), +} (p and q are primes) is a S- 
special interval vector space over the S-ring Zyq. 


Example 3.6: Let S = {[0, 33), +} be the S-special interval 
vector space over the S-ring Z33. 


We will describe vector subspaces of S over the S-ring. 


Example 3.7: Let S = {[0, 14), +} be a special interval vector 
space over the S-ring Z4. S is infinite dimensional over Z4. 


Let 
P= {{0, 0.5, 1, 1.5, 2, 2.5, 3, 3.5, ..., 11.5, 12, 12.5, 13, 13.5}, 


+} be a S-special interval vector subspace of S over the S-ring 
Z,4. Clearly P is finite dimensional over the S-ring Zy4. 
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M = {{0, 0.2, 0.4, 0.6, 0.8, 1, 1.2, ..., 13, 13.2, 13.4, 13.6, 
13.8}, +} CS is again a finite dimensional vector subspace of S 
over Z\4. We have infinite number of finite dimensional vector 
subspaces over Z}4. 


T = {{0, 0.1, 0.2, ..., 0.9, 1, 1.1, 1.2, ..., 2, 2.1, 2.2, ..., 13, 
13.1, 13.2, ..., 13.9!, +} CS be the finite dimensional vector 
subspace of V over the S-ring Zy4. 


Example 3.8: Let S = {[0, 33), +} be a S-special interval vector 
space of V over the S-ring R = Z33. 


M, = {{0, 1, 2, ..., 32), +} c V be the S-special vector 
subspace of V of dimension 1. 


Ms ='{40. 0.5, 1, 1:5, 2, 2.5, «25.31, 3.1.5, 32, 32:5}; +}: V 
be the S-special interval vector subspace of V over the S-ring R 
of finite dimension. 


Ms. = 440; 0:1; 0.254. 0,9, 1, 1s 1:23 sn 1952, 2 en 
2.9, ..., 32.1, 32.2, ..., 32.9}, +} c V be the S-special interval 
vector subspace of V over the S-ring R. 


Clearly Ms; is finite dimensional vector subspace of V over 
R. 


My, = {{0, 0.25, 0.5, 0.75, 1, 1.25, 1.5, 1.75, 2, ..., 32, 
32.25, 32.5, 32.75}, +} Cc V be the S-special interval vector 
subspace of V over the S-ring R. 


Thus V has several finite dimensional S-special interval 
vector subspaces of V over R. 


Example 3.9: Let V = {[0, 35), +} be the S-special interval 
vector space over the S-ring R = Z35. 


T, = {{0, 1, 2, ..., 34}, +} c V be subvector space of V 
over R. 


110 | Special Pseudo Linear Algebras using [0, n) 


To = {{0, 5, 10, 15, 20, 25, 30}, +} c V be the vector 
subspace of V over R. 


Both T, and T> are finite dimensional over R. 


T3 = {{0, 7, 14, 21, 28}, +} CV be the vector subspace of 
V over R. T; is also finite dimensional over Z35. 


Ty = {{0, 0.1, 0.2, 0.3, ..., 0.9, 1, 1.1, 1.2, ..., 2, ..., 30, 3.1, 
3.2, ..., 30.9, ..., 34.1, 34.2, ..., 34.9}, +} Cc V is also a vector 
subspace of V over R = Z35. 


T, is also finite dimensional over Z35 and so on. 


Example 3.10: Let V = {[0, 28), +} be the S-special interval 
vector space over the S-ring R = Zs. 


P, = {{0, 2, 4, 6, 7, ..., 26}, +}, Cc V is a S-vector subspace 
of V of finite dimension over R = Z2¢. 


P, = {{0, 4, 8, 12, 16, 20, 24}, +} c V is also a S-vector 
subspace of V over R = Zp. 


P; = {{0, 7, 14, 21}, +} c V is a S-vector subspace of V 
over R = Zs. 


Py = {{0, 14}, +} Cc V is a S-vector subspace of V over 
R= Zo8. 


All the four subspaces are of finite dimension over Zs. 


Tyee s40, OS) dy db 252.55 3s ong 275 27.5), +hS¥ is a 
S-vector subspace of V over R = Z2g. 


To = {{0, 0.2, 0.4, 0.6, 0.8, 1, 1.2, 1.4, 1.6, 1.8, 2, ..., 27, 
27.2, 27.4, 27.6, 27.8, +} Cc V is a S-vector subspace of V over 
the S-ring R= Zo. 
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Example 3.11: Let V = {[0, 26), +} be the S-special interval 
vector space over the S-ring R = Zy.6. 


This has S-subspaces of both finite and infinite dimension. 


If on the S-special interval vector space V over the S-ring 
we can define a compatible product x on V then we define V to 
be a S-special interval pseudo linear algebra over the S-ring Z,, 
sinceax (b+c)#axb+axc forall a, b,c € V. 


We see V has substructure which are not linear subalgebras 
only quasi vector subspaces of V over the S-ring Z,. 


We will illustrate this situation by some examples. 


Example 3.12: Let V = {[0, 22), +, x} be a S-special pseudo 
interval linear algebra over the S-ring Z2. = R. Clearly V has S- 
quasi vector subspaces given by 


P, = {{0, 1, 2, ..., 21}, +, x} c V is a S-special interval 
linear pseudo subalgebra of V over R. 


P, = {{0, 0.5, 1.0, 1.5, 2, 2.5, ..., 20, 20.5, 21, 21.5}, +, x} 
c V isa S-special quasi vector subspace of V over R = Z. 


P; = {{0, 0.1, 0.2, ..., 0.9, 1, 1.1, 1.2, ..., 1.9, 2, ..., 20, 
20.1, ..., 21, 21.1, 21.2, ..., 21.9}, +, x} Cc V is a S-special 
quasi vector subspace of V over R = Zy.. Thus we have several 
S-special quasi vector subspaces of V over R = Z»). 


Now P, = {{0, 2, 4, 6, ..., 20}, +, x} c V is a S-special 
linear pseudo subalgebra of V over R = Z». 


Similarly Ps; = {{0, 11}, +, x} c V is a S-special pseudo 
linear subalgebra of V over R = Z». 


Example 3.13: Let V = {[0, 24), +, x} be a S-special pseudo 
linear algebra over the S-ring R = Z4. V has finite dimensional 
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S-quasi vector subspaces of finite dimension as well as finite 
dimensional S-special pseudo linear subalgebras. 


Let M; = {{0, 0.5, 0.15, 2, ..., 23, 23.5}, +, x} Cc V bea S- 
quasi vector subspace of V over R of finite dimension over R. 


Mp = {{0, 0.2, 0.4, ..., 1, 1.2, 1.4, ..., 2, 2.2, 2.4, ..., 3, 23, 
23.2, ..., 23.8}, +, x} Cc V is a S-quasi subvector space of V 
over the S-ring Z4. 


M; = {{0, 1, 2, ..., 23}, +, x} Cc V is a S-special pseudo 
linear subalgebra of V over the S-ring Z>4. 


My, = {{0, 2, 4, 6, 8, ..., 22}, +, x} Cc V is a S-special 
pseudo linear subalgebra of V over the S-ring Z>4. 


Ms = {{0, 3, 6, 9, 12, 15, 18, 21}, +, x} c V is a S-special 
linear pseudo subalgebra of V over the S-ring Zp4. 


Me = {{0, 4, 8, 12, 16, 20}, +, x} Cc V is a S-special pseudo 
linear subalgebra of V over the S-ring Z4. 


All these S-special quasi vector subspaces as well as all the 
S-special linear pseudo subalgebra of V over the ring R. 


Example 3.14: Let V = {[0, 105), +, x} be the S-special 
pseudo linear algebra over the S-ring R = Zjo5._ V has S-special 
quasi vector subspaces of finite dimension one R = Zj9s which is 
as follows: 

N, = {{0, 0.5, 1, 1.5, ..., 104, 104.5}, +, x} c V is only a 
S-special quasi vector subspace of V over R. Clearly N, is of 
finite dimension over R. 


N> = {{0, 1, 2, ..., 105}, +, x} Cc V is a S-special pseudo 
linear subalgebra of V over R = Zjos. 


Clearly dimension of N> over R is one. 
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N3 = {{0, 5, 10, 15, 20, ..., 100}, +, x} c V is a S-special 
linear subalgebra of V over R = Zjos. Clearly N3 over R is finite 
dimensional. 


Ng = {{0, 3, 6, 9, 12, 15, ..., 102}, +, x} Cc V is a S-special 
linear subalgebra of V over R. 


Ns = {{0, 0.1, 0.2, ..., 0.9, 1, 1.1, 1.2, ..., 1.9, 2, ..., 104, 
104.1, 104.2, ..., 104.93, +, x} CV is a S-special quasi vector 
subspace of V over R = Zo. 


Example 3.15: Let 

V = {(aj, a, a3, a4) | aj © [0, 22), 1 <1 < 4, +} be a S-special 
interval vector space over the S-ring R = Z,). V has several 
S-special interval vector subspaces some of which are finite 
dimensional are some of them are infinite dimensional over 
S-ring R = Zp. 


M; = {(a, 0, 0, 0) | a; € [0, 22), +} Cc V is a S-special 
interval vector subspace of V over the S-ring R = Z». 


M2 = {(0, a, 0, 0) | a2 € [0, 22), +} Cc V be the S-special 
interval vector subspace of V over the S-ring R = Z3». 


M3 = {(0, 0, a3, 0) | a3 € [0, 22), +} Cc V be the S-special 
interval vector subspace of V over the S-ring R = Zp. 


My = {(0, 0, 0, a4) | ag € [0, 22), +} < V be the S-special 
interval vector subspace of V over the S-ring R = Z2. 


Clearly V = M; + M; + M3 + Mg is a direct sum and 
M; 0M, = {(0, 0, 0, 0)};14j; 1 <i j <4 


All of four spaces are infinite dimensional over R = Zp. 
Let T; = {(a), 0, 0, 0) | a; © {0, 0.5, 1, 1.5, 2, 2.5, ..., 20, 


20.5, 21, 21.5}, +} c V be a S-special subspace of V over the S- 
ring R = Z») of finite dimension over R = Z»). 
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Let P; = {(a;, 0, 0, a2) | a2 € [0, 22), a; € {0, 0.1, 0.2, ..., 
0.9, 1, 1.1, ..., 20, 20.1, ..., 20.9, 21, 21.1, ..., 21.9} & {[0, 22), 
+} c V be a S-special interval subspace of V over the S-ring 
R= Z7. 


We see P2 = {(0, aj, a, 0) | ay, a2 E[0, 22), +} C Visa 
special vector subspace of V over the S-ring Z. 


P;3 = {(0, 0, aj, a2) | aye Zo, a2 = {(0, 0.1, 0.2, iuey 1, 1.1, 125 
sang 205 ZO, cacy DOD: 21, vung 21.9) ce [0 22), +} CV 1s aS 
special vector subspace of V over the S-ring Z. 


All these subspaces P3, P; and T, cannot be made into a S- 
special pseudo linear subalgebras only a S-special vector 


subspace of V over the S-ring Z. 


Example 3.16: Let 


V= a; € [0, 24), 1 <i <6, +, xp} 


is a S-special pseudo linear algebra over the S-ring Z24. 


V has several S-special pseudo sublinear algebras. 


a, 


T, = ae [0, 24), a5 Xp} SC V. 


oo olcocolhUhcO 
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0 
a, 
T= . a) € [0, 24), +, xn} C V, 
0 
| 0 
0 
0 
T;= fe §s'610,04), REE V: 
0 
0 
07 
0 
a) ll eo ee 
a, 
0 
0 | 
oT 
0 
ie : as € [0, 24), +, x} C Vand 
as 
| 0 | 
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ae € [0, 2A); “hig Xn} c Vv 


ooo°clUuc 


are S-special interval pseudo sublinear algebras of V over F. 


Clearly T; 0 T; = ifizj,1<ij<o. 


ooo.cmUmcuUc lcm 


[0] 


Further V = T, + T. + T; + Ty + Ts; + Tg is a direct sum of 
sublinear pseudo algebras of V over R = Zy4. 


Let 


aw 


ay € 40, 0.1,0.2,..525.0.9, 1, 1.1, 1.2,-4.35 23, 


cooo°c.lUcwcm 


23.1, ..., 23.9} ¢ [0, 24); +} cV 


is only a S-special quasi vector subspace of V and not a S- 
pseudo linear subalgebra of V over the S-ring R. 


Smarandache Special Interval Pseudo Linear Algebras | 117 


We have several such S-special quasi vector subspaces 
which are finite dimensional over R. 


We see even in case of S-special interval pseudo linear 
algebras we have S-subalgebras or S-quasi subvector spaces of 
V such that they are orthogonal with each other. 


Let 


B, = aj,a2 € [0, 24), ac Xn} = Vv 


a) 


be the S-special pseudo linear subalgebra of V. 


Bo = 


— a) 


aj, ae © 40.0.5, 1, 1.5, 21:5 23,235, V, te V 


be the S-special quasi vector subspace of V over the S-ring 
R= Za. 
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We see B; x Bo = 


i  ) 


[0] 


That is B; is orthogonal to B, and vice versa. However B> 
is finite dimensional where as B; is infinite dimensional B, is a 
S-sublinear pseudo algebra but B» is a S-quasi vector subspace 


of V. 


Also B,; + B2 # V only a special quasi vector subspace of V 


over R. 
[0 
0 
a, 
Infact take B3 = 
a, 
a, 


a; € {0, 0.5, 1, 1.5, ..., 23, 23.5} ¢ 


[0, 24); 1 <i < 4, +} c V is only a S-special quasi vector 


subspace of V over the S-ring R = Z4. 


We see if x = 


are in B3; 
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0 0 0 
0 0 0 
0.5 0.5 0.25 
then x x, y = P Xn i — é ¢ Bz. 
0.5 1.5 0.75 


1.5 10.5} [0.75 


Thus B; is only a S-special quasi vector subspace of V over 
R. Further B; is orthogonal with B, but B; is not orthogonal 


B, is also orthogonal with B3; B; only a S-special quasi 
vector subspace of V over R. 


Example 3.17: Let 


a, a, a; 
V=4/a, a, a, || a © [0, 28); 1<1<9,+, x} 
a, ag ay 


be a S-special interval pseudo linear algebra over the S-ring R = 
Zong. We have S-quasi special vector subspaces of finite 
dimension over Zs. However V is a non commutative S-special 
pseudo interval linear algebra. 


Take 
a, a, a; 
M:=3/0 O 0O|]] ae {0,0.5, 1, 1.5, 2, ...,27, 27.5} 
0 0 0 


c Zag} cV 


is only a S-special quasi vector subspace of V over the S-ring 
Zog. The dimension of M, over V is finite dimensional over 
R= Zog. 
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Let 


M=3|0 0 0 || a; € [0,28),1<i<3anda;e 


{0, 0.1, 0.2, 0.3, ..., 1, 1.1, ..., 2, 27.1, 27.2, ...,27.9} CV, 
4<j<6;+,x} CV; 
Mz is a S-special interval quasi vector subspace of V over 
R = Zyg. Clearly M> is a infinite dimensional subspace of V 
over Zog = R. 


We see for B, A € Mp in general A x B ¢ Mp. 


We show V is a S-interval non commutative special interval 
pseudo linear algebra. 


0.5 3 4 12 0 
LetA=/] 1 2 O|]andB=/0 4 0.5] €M; 
0 1 4 0 1 2 
0.5 3 4 2 0 0.5 17 9.5 
AxB=] 1 2 O}|x ]0 4 05/=] 1 10 1 4...1 
0 1 4 01 2 0 8 85 
Consider 


5 3 4 
BxA=|0 4 05}]x}] 1 2 0 
1 4 
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2.5 7 <4 
=| 4 85 2)... HL. 
1 4 8 


Clearly I and II are distinct. So V is a S-special interval non 
commutative pseudo linear algebra under usual matrix 
multiplication. 


a, 0 O 
LetT;=4)0 a, 0 || ae {0,0.5, 1, 1.5, 2, 2.5, ...,27, 
0 0 a, 


27.5 CV; 1<i<3;+, x} Cc V be a S-special interval quasi 
vector subspace of V and is not a pseudo linear algebra. 


Further T is finite dimensional subspace of V over F = Zs. 


Let 
05 0 O 65 0 0 
A=/0 15 0 }andB=|] 0 05 Oj} € Ty). 
0 2.5 0 0 1.5 


3.25 0 0 
=| 0 O75 O |} €T. 
0 0 3.75 


Thus T, is only a finite dimensional S-subspace. 
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Example 3.18: Let 


a, a, a, 
V= /a, a, a, |} a € [0,6);1<51<9,+, x} 
a Bip: Aig 


be the S-special interval pseudo linear algebra over the ring 
R= Z6. 


V is a commutative S-special interval pseudo linear algebra 
of infinite order. 


Let 
a, a, a, 

Mi=4/a, a; a, || a € [0, 6); 1<i<6,+, x} CV; 
0 0 O 


M, is a S-special interval pseudo linear subalgebra of V over R 


= Zo. 
a, 
M2= 4/a, O 0O || ae {0,0.5, 1, 1.5, 2, 2.5, 3, 3.5, 4, 4.5, 
O° “O".a, 


5,5.5$ CZo6; 1 <1 <3,+, x} CV 
be the S-special interval quasi vector subspace of V over F = Ze. 


Clearly Mz is not a S-special pseudo linear algebra is only a 
S-special quasi vector subspace over V. 


Let A, B € M> where 


0.5 0 O 0.5 0 O 
A=|2.5 0 0 ]andB=/05 0 O | € Mo. 
0 O 3.5 0 0 0.5 
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We find 
0.5 0 O 0.5 0 O 
Ax,B=/2.5 0 0]x,/05 0 0O 
0 O 3.5 0 0 0.5 
0.25 0 O 
=/11.25 0 O | €Mb. 
0 0 1.75 


Clearly M> is not a S-linear pseudo subalgebra only a S- 
quasi vector subspace of V over R = Zs. M2 is commutative and 
finite dimensional over R = Ze. 


a, 0 0 
LetM3;=4/a, 0 0O}| ae {0,0.1, 0.2, ..., 0.9, 1, 1.1, 
a, 0 0 


LD 295 DS 5 Sey xs SOLS Ze PS 1S 3545 Xe. Vis again 
a S-special quasi vector subspace of V over the S-ring Ze. 


Let 
0.2 0 0 22 0 0 
A=]0.1 0 O} andB=|5.8 0 O| € M3; 
0.9 0 0 64 0 0 


0.2 0 0 22 0 0 
we seeAx,B=]|0.1 0 O|] x,/5.8 0 O 
0.9 0 0 6.4 0 0 
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0.44 0 0 
=|0.58 0 0] € M3. 
5.76 0 0 


So Mz is only a S-special interval quasi vector subspace of 
V over R = Ze. 


Clearly M; is finite dimensional over R = Zs however M; is 
not a special interval pseudo linear subalgebra over Zo. 


Let 
0 0 O 
M4=,5/0 a, 0O/}] ae [0,6),1<i<3}cCV 
a, 0 a, 


be the S-special interval pseudo linear algebra over the S-ring 
Zs. Mz is also infinite dimensional over the S-ring R = Ze. 


Consider 


ie 0 0 0 a; € [0, 6), +, Xn} CV, 


0 a, 

P»=4]0 O O}f a € [0, 6), +, xn} CV, 
0 0 0 
0 0 a,] 

P3=</0 O 0 || a3 € [0, 6), +, xn} CV, 
0 0 0] 
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0 0 0 
Py=y]/a, O O|| ag € (0, 6), +, x} CV, 
0 0 0 
0 0 0 
Ps=4|0 a, O}| as € [0, 6),+,x,} CV,..., and 
0 
00 0 
Py = 0 0 0 ag € [0, 6), +, Xn} c Vv 
0 0 a, 


are the nine S-special interval pseudo linear subalgebras of V 


over 
R= Lo. 


0 0 0 
We see Pj VP)=35/0 O O}7 if14j,1<1,j <9. 
0 0 0 


However V = B,; + Bo + B3+ Bg + B5+Be CV. 


Hence is not a direct sum of pseudo sublinear algebras over 
Zi. 


Example 3.19: Let 


V= ; : : |] a; © [0, 12), 1 <i<30,+, x,} 
Arg An 39 
be the S-special pseudo linear algebra over the S-ring Zp. 


V has both quasi vector subspaces and pseudo sublinear 
algebras of finite dimension as well as infinite dimension over 
the S-ring R = Z). 
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Let 
a, 0 0 
Aj = aye [0, 12), das Xn} = V, 
0 0 0 
0 a, 0 
As=4/: 2: :]| a2 €[0,12),+, x} CV, 
0 0 O 
0 0 a, 
A3=4]/: :  : || a3 € [0, 12),+, x,} Cc Vand so on. 
0 0 O 
00 O 
Agel? * © | ee e161 Ree 
27 0 0 ay a7 € [ ) rs 
00 O 
0 O 0 
Aog = , P ‘ agg € [0, 12), +, xn} CV, 
a, 0 0 
0 0 0 
Ao = i ‘ : a9 € [0, 12), +, xn} & V and 


0 a, O 
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0 0 O 
A3o = : ‘ . azo € [0, 12), +, xn} c V are 
0 0 ay 


S-special interval pseudo linear subalgebras of V over the S-ring 
Z)2. 


Clearly 
AAA=4|. ° (lh ifizj,1<i,j<30 


and A; + A, + ... + Ago = V is the direct sum of S-special 
interval pseudo linear subalgebras of V. Every A; is infinite 
dimensional over R = Z)p. 


We have 30 sublinear algebra of finite dimension but they 
will not lead to the direct sum. 


a, 0 0 
LetBi=<| 2 > £1) ave Zi, Xa} CV, 
0 0 0 
0 a, 0 
Bo=4/:  : : |} a €Zi,+, x} CV, 
0 0 0 


0 0 a, 
B; = : : : a3 € Zy2, aa Xn} cV, oeeg 


0 0 O 
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0 0 0 
Bog = : A ; agg € Zy2, +, Xn} CV, 
a,, 0 0 
0 0 O 
Bog = ‘ 6 ; az9 € Zi2, +, Xn} © V and 
0 a, O 
0 0 O 
B30 = , ‘ ‘ a39 € Zy2, +, Xn} CV 
0 0 ay 


be S-special interval pseudo linear subalgebras of V. 


All of them are one dimensional over Z). 
But B, +...+ B39 # V however 


BAB=4|. | ° |S ifi#j,1<i,j<30. 


Likewise we can have infinite dimensional S-special and 
finite dimensional quasi vector spaces. 


D,;=<4/ : : : || a € (0,12), a € {0,0.5, 1, 1.5, 2,..., 
0 0 O 
11, 11.53, +, xa} CV, 
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0 0 a, 
a, 0 
D,=4|/0 0 0 |} a3 € [0, 12), a4 € {0, 0.2, 0.4, 0.6, 0.8, 1, 
10 0 0 


1.2, ..., 11.2, 11.4, ..., 11.8} c [0, 12), +, x,} c V and so on. 


0 0 0 

Digest oo Nae OD) aye 26, 00, 098 ax 11 
BO Oi y, 
a, 0 O 


vey LL, 11.1, «2.5 11.9} €[0, 12), +, xa} CV and 


0 0 0 
Die=tl | lago€:10; 12) and'aw € (0,05. 1) 1.5.2... 
15 0 0 0 29 [ ) 30 { 

Oa a 


11S} 0212), 4 xe V 
be the S-special interval quasi vector subspaces of V over Z)2. 


None of them is a special interval pseudo linear subalgebra 
as product is not defined in D; for the (D;, xy) is not a 
semigroup that there exists A, B € D; such that A x, B ¢ Di, 
thus all D;’s are only S-quasi vector subspaces and they are not 
pseudo linear subalgebras. 
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However 
00 0 


Dj Dj = Oa: fori#j,1<i,j< 15. 


Further D; + ... + Djs # V so it is not a direct sum. All the 
15 quasi vector subspaces are infinite dimensional over Z)p. 


Let 
a, 0 0 
Wi=4):  : :f) are {0,0.5, 1, 1.5,...,11, 11.5} ¢ 
0 0 0 
[0, 12), +, xn} CV, 
0 a, 0 
W2=4/: : : || ae {0,0.5, 1, 1.5,...,11, 11.5} ¢ 
0 0 0 
[0, 12), +, xn} CV, 
0 0 a, 
W3=4/: : : {| ase {0,0.5, 1, 1.5,..., 11, 11.5} c[0, 12), 
0 0 0 
+, x,} ¢ V and so on. 
00 O 
W30 = ; R azo € {0, 0.5, 1, 1.5, ..., 11, 11.5} <[0, 
OO agg 


12), +, Xn} Cc Vv 
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be S-special interval linear quasi vector subspace of V over 
R=Z). Clearly each W; is finite dimensional over R = Zp; 


Wi 0 W; = So Se ihre yl <1,4< 30, 
Further W = W, +... + W30 c V so is not a direct sum we see 


W= ; . |} a2 € {0, 0.5, 1, 1.5, ..., 11, 115} 


[0, 12), +, x» 1 <i<30} CV, 


W is a S-quasi subvector space of V and W is the subdirect 
subsum of W;’s, 1 <1< 30. 


Example 3.20: Let 


pe Map Hi. “Hy 
a; as 
His? ue tan Be 2 
v= a: € [0, 15), 1 <i< 24, +, xp} 
Boa“ bas wae. ae 
ai, a5 
La, Any 


be a S-special interval pseudo linear algebra over the S-ring Z)5. 
V_ has finite dimensional S-sublinear pseudo algebras and 
infinite dimensional S-linear pseudo subalgebras of V. 
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Infact V has finite dimensional S-quasi vector subspaces as 
well as infinite dimensional S-quasi vector subspaces. 


Further V can be represented as a direct sum of sublinear 


algebras. 
Let 
Qi dy Ay Oy 
0 0 0 0 
Mi=4i. . « » [ae (0,15), 1s1s4,4,x%,eV 


be a special interval linear pseudo subalgebra of infinite 
dimension over R = Z}5. 


=) 
i=) 
i) 
i) 


M=<410 0 O. Ola e[0,15),1<i<4,4,x%:} CV 


oO 
i=) 
i=) 


is again a S-special interval pseudo linear subalgebra of V of 
infinite dimension over R = Z\s. 


Let 
[0 0 0 0 
02° 0! 205.0 
a, a, a; ay . 
M3 = a € [0, 15), 1<1<4,+,x,} cV 
«0 0-0 
10 0 0 0 
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be a S-special interval pseudo linear subalgebra of V_ the S-ring 
R= Z\5. 


0 0 0 0 
0 0 0 0 
0 0 0 0 . 
M,4= a, € [0, 15), 1<i<4,+,x,} CV 
ay ty Bg. “By 


is again a S-special interval pseudo linear subalgebra of V over 
R= Z\5. 


00 0 0 

Ms=410 0 0 0 lla e [0,15),1<i<4,+,x} CV. 
a; By ay -ay 
0 0 0 0 
00 0 0 

Mc=4|° °° * dla e [0,15),1<i<4,+,x} CV 
00 0 0 
Qj Hy By By 


is again a S-special interval pseudo linear subalgebra of infinite 
dimension over R = Z\s. 


All the six S-sublinear pseudo algebras are infinite 
dimension over R = Z\s. 
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[0 0 0 0 


Further M; 0 M; = ifizj,1<i,j<6. 


000 0 
0000 
10 0 0 0 


Also V = M, + Mo +... + Me is the direct sum of 
S-sublinear pseudo algebras. 


However V can be represented as a direct sum in several 
ways. 


We will now proceed onto describe S-special interval 
pseudo linear subalgebras of finite dimension over R = Zs. 


By Hy, ay) “Ay 


0 0 0 O ; 
LetTi=4). | 2. Sa Ee Zi5, 1 S15 4,4, x} CV, 


ay. 8, a, a, 


Th=410 0 0 O|laeZs,1<i<4,4, x} CV, 


[oO 0 0 OF 

Ts=410 0 0 OllaeZs,1<i<4,+,%} CV 
a, a, a, a, 
10 0 0 Of 
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and 


a € Z)5,1<1<4,+,x.} CV 


are the six S-special pseudo linear subalgebras of V over R = 
Zi5. 


We see all the S-sublinear pseudo algebras are of dimension 
four over R = Zis. But V4#T, + ... + Te that is V cannot be 
written as a direct sum of T;’s 1 <i<6. 


Similarly V can have both finite and infinite dimensional S- 
special interval quasi vector subspaces of V which are not linear 
algebras of V over the S-ring Zs. 


Let 
a, a, 
0 O 
B= a | [0, 15), a2 € {0, 0.5, 1, 1.5, 2, 2.5, 
0 0 0 0 


wway: 1414.5} S[0.-15) 5; SV 
be a S-vector subspace and not a S-linear subalgebra of V. 
For let 
9-:05°0°:0 3 05 0 0 
0 0 0 0 


x= 


and y = 


0 0 0 0 0 0 0 0 
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We find 


9 05 0 0 3 0.5 0 0 
0 0 0 0 0 0 0 0 


X Xp Y= Xn 


0 0 0 0 0 0 0 0 


12 0.25 0 0 
0 0 0 0 

ray lite : . € Bi, 
0 0 0 0 


hence B, is not a S-special interval pseudo linear subalgebra of 
V over R Z)5. The dimension of V over R is infinite 
dimensional as a S-quasi vector subspace over R = Zs. 


Let 
[a, a, 4a, a, | 
0 0 0 0 
0: 0° 0° 0 
Di= a; € {0, 0.1, 0.2, ..., 0.9, 1, 1.1, 1.2, 
OF. 0? 05-0 
0 0 0 0 
10 0 0 O| 


sieg ALO Ded: vary LD y nasty 445 141 IAD, eg FAD} 
[0, 15), +, x» V 


be a S-special interval quasi vector subspace over R = Zs it is 
not a S-linear subalgebra over the S-ring R = Zs. 
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For if 
0.1 04 1.2 08 16 2.2 1.1 42 
0 0 0 0 0 0 0 0 
Bi og : : : and y = : : : an a Di 
0 0 0 0 0 0 0 0 
we find 
0.1 04 1.2 0.8 16 2.2 1.1 4.2 
0 0 0 0 0 0 0 O 
XXn,yr| . > . : Xn . 
0 0 0 0 0 0 0 O 


0.16 0.88 1.32 3.36 
0 0 0 0 


as the entries do not belong to {0, 0.1, 0.2, 0.3, ..., 1, 1.1, ..., 
14, 14.1, 14.2, ..., 14.9} & [0, 15). 


Hence D, is not closed under product so is only a S-special 
quasi vector subspace of V over R = Zs. However D, is a finite 
dimensional S-special interval vector subspace of V over the 
S-ring R. 


We have studied the notion of S-sublinear algebras of finite 
and infinite dimension and S-special pseudo linear subalgebras 
of finite dimension of V over the S-ring. 


We can always write V as a direct sum of S-sublinear 
algebras over Zs. 
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Further V has S-special interval quasi vector subspaces of 
both finite and infinite dimension over the S-ring Z,. 


Now we proceed onto study the S-special linear 
transformation and S-special linear operator of a S-special 
interval linear algebra (vector space) over a S-ring Z,. We will 
also define S-special linear functional and so on. We can as in 
case of usual vector spaces define linear transformation in case 
of S-special interval vector spaces only if they are defined on 
the same S-ring Z,. 


Here we are going to define also the concept of special 
quasi induced linear transformation. 


All these will be illustrated by some examples. 


Example 3.21: Let V = {(a1, a, a3) | a; € [0, 21), 1 <i <3, +} 
be a S-special interval vector space over the S-ring Z>). 


a; 


a 
W=4| . || aie [0, 21), 1 <i<6,+} 


be a S-special interval vector space over the S-ring R = Z»). 


Define T, : V > W by 


T, {(a1, a2, a3)} = for every (aj, a2, a3) € V. 
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Clearly T, is a S-special linear transformation of V to W. 


We see ker T, = {(0, 0, 0)}. In this way we can define 
several such S-special linear transformation from V to W. 


We can have another S-special linear transformation T, 
from V to W as follows. 


T,: V> W by 

[a, +a, 
a, 
0 

T> {(a1, a2, a3)} = 

0 
0 

| 0 


Clearly T2 is also a S-special linear transformation from V 
to W and ker T> # {(0, 0, 0)}. 


For ker T> = {x = (aj, a2, a3) € V| T2(x) = 


ooocmUcOWeClcCOllUcO 


We see T {(aj, a2, a3)} = if a; +a) = 0 (mod 21) and a; = 0. 


oo oc.Uc[cT Cl Om 
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Thus ker T # {(0, 0, 0) and 
ker T = {(aj, a2, a3) | a) + a2 = 0 (mod 21) and a; = 0}. 


Interested reader can define may transformation of this 
form. 


We can define the S-special linear transformation from W 
to V as follows. 


a 
Sit : } = (a + az, a3 + ag, as + a6). 


S; is a S-special linear transformation from W to V. 


Further 


ker S; = a; + a. =0, a3 + a4 = 0, as + ag = 0, aj € [0, 21), 


1<i<6}# as a; = 20 and a. = 1, a; = 5 anda, = 16 


oo oo.oc 


=) 


L 
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and so on like a; = 0.0003 and a, = 20.9997, a3 + ay = 0 where 
a3 = 19.2 and ay = 1.8 a; = 10 and ay = 11 and so on, as; = 0.04 
and ag = 20.46 and so on. 
Thus ker S, is non trivial; ker S; is a S-subspace of V. 
For we have to show 
(1) ifx,y e kerS|,x+y ekerS, 


(2) if x € ker S; then —x € ker S; 
(3) ifc € Z, and x ¢€ ker S;, cx € ker S). 


All the three conditions can be easily proved without any 
difficulty. Hence the claim. 


Suppose we define S, : W > V by 


} = (a1, a2, a3) 


be a S-special linear transformation of W to V. 


Then also ker S, # 


oooc.lUc 
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0 
ker S) = a, € [0,21);4<i1<6} CW 


is a proper subspace of W over R = Z»). 


Now §S, and S, are S-special linear transformations from W 
to V. 


Example 3.22: Let 


a, a, 
a, ay : 

Ve : a; € [0, 93), 1 <i < 16} 
Ais Aig 


be the S-special subset interval vector space over the S-ring 
R= Zo3. 


V can be written as a direct sum of S-subvector spaces over 
R= Zo3. 


V has both S-subspaces of finite and infinite dimension over 
R = Zo3; on V we can define linear operator. 


The linear operator in this case also is the same as the usual 
spaces. 
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Let 

a, 0 

0 a, 

a, a, a, 0 

a; ay 0 a, 

T,: V— V defined by T, {| ; he 

; a, 0 

a5 Ai6 0 ag 

ay O 

0 ay 


It is easily verified T, is a linear operator on V and 


0 
0 
ker T,4#]. 
0 0 
Now define T, : V > V 
a, a, | 
0 0 
ay. S85 a 
a, a 0 O 
T, { 3 : i = 
: dis “Ag 
a5 Ai6 0 0 
a, a, 
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0 0 
T, is also a linear operator on V. ker T> # {| . 


0 0 


a, a, 
: a, ay 
Consider T; 0 T2,T,0T {] rae 
ais Ai6 
a, a 


15 6 
[a, 0] a, 0] 
0 a, 0 
a, 0 a, 0 
= Ty ( 0 a, = 0 0 
aa X) a, 0 
0 a, 0 0 
ay 0 a, 0 
[9 ay | 0 Of 
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a, 0 
0 O 
a, a, a, 0 
a, a, 0 0 
Clearly (T; 0 T2) {| t= mi 
: a, 
ais Ai6 0 0 
a, 0 
lo 0 
a, a, 
. a; ay 
Consider (T20T,) {| 2 3 J} = 
ais Ai6 
la, a, 
0 0 
a, a, a; a, 
aig ay 0 0 
TAG 2 aaa F } 
5 5 6 
a5 ANG 0 0 
a, ag 
Lo 0 
[a, a, 
0 0 
a, a, 
Bia 
a 
0 O 
a, ag 
0 0 
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We see in this case T; 0 T7 = T2 0 T; and T; 0 T.: V> Vis 
again a linear operator on V. 


Let T; : V > V defined by 


Ce a, 0 
ay ay a, ae 
T3{ . |} = |. . |5 13 18a linear operator on V. 
Ais Ai6 ay5 0 
a, a, a, a, 
a 


as A6 ais Ai6 
a, O| 
0 0 
a, 0 a, 0 
_7,% f,-[2 9) 
: a, 0 
> 0 0 0 
a, 0 
0 o| 
a, a, a, a, 
Consider T,0T3(] 2“ = TT. 2“ Sy) 


a5 Ai6 415 Ane 
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a, 0 a, 0 

0 a, 0 0 

a, 0 a, 0 

=; ( QO -a, = 0 0 
‘ ay O ad 01 

0 ay 0 0 

ay 0 ay) 0 


[0 a, [0 0| 


In this case also we see T; 0 T3 = T3 0 T3 and T; 0 T3 is a 
linear operator on V. 


Now let 


~ 
oo 


a 
Wi=3|. «|| a € (0,93), 1<i<s8} cV 


a, 0 


be a S-special interval vector subspace of V over the S-ring. 


We define T: V > V by 


a, a, ay 

a a a 

3 4 3 
re pee 

a5 Ai6 a; 0 


clearly T is a linear operator which is a projection of V onto the 
subspace W). 
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a, a; a, 0 
a: ° as ; O 
NowToT(} . ~ (a Th |) 
a5 A6 a5 0 
a, O 
_|a, 0 
a; 0 


Thus T 0 T=T for (T 0 T) [(x)] = T(x) for all x € V. 


We can have the notion of projection of V onto a subspace 
of V. 


Example 3.23: Let 


V=5\a, a a, a, || a € [0,94),1<i<12} 


Ay Ay Ay AyD 


be a S-special interval vector space over the S-ring Zo4. 


We see 
a 0 0 0 
P,=4/0 0 O Of} a € [0,94)} CV, 
0 00 0 
0. a, 0 0 
P»=4/0 O O Of} a €[0,94)} cCV,..., 
0 0 0 0 
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0 
0 || ais € [0, 94) } c V and 
0 


a6 € [0, 94) } cV 


be the 16 S-subspaces of V over the same S-ring Z\6. 


We see if 


:  : a 
T;: V—Vsuch that T){(J/a; a, a, a, |) 


a Ay Ay Ay 


is a special linear operator on V and it is a projection to the 
space P;. 


Likewise T)o : V > V given by 


ap. tag. Aa Ay 0 0 0 0 
Tio({a; a a, a |/)=|0 O O 0]; 
ay Ai9 ay, a2 0 Ao 0 0 
Tio is a projection to the space Po. 
Thus we have T, To, ..., Tj2 to be S-special linear operators 


which are all projections of V to the subspaces of P;. Further 
T: V— V given by 
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a Sag. age “ay ay, °O! ag <0 
PC Ay “ay. ode. Bg | = pO! ae Oy 
a, a9 ay; a> ay 0 ay, 0 
is a linear operator on V; we see 
ay yt Gg. - Ag a. aes ay. Ay 
Tol (as a, “ay ag (VE To) as. a, as ay |) 
@y yg Ay Ay J Ay Ay 4, 
a 0 a, O 00 0 0 
=a O: a. 0s a, = (0-0 0.0 
a5. ° 0" <a, 0 000 0 
Qj ay B.-A, 
T,0T{(ja; a, a, ay |)} 
ay Ajo ay, ayo 
a a, Ay “ay 
=T(Th}a; a, a, a, |) 
ay Aj9 ay, Ain 
0 a, 0 0 OB 0-0 
=T(0 0 0 O})=|0 0 0 0 
0 0 0 0 00 0 0 


Thus T 0 T; = T; 0 T = T,; the zero S-linear transformation 


of V to V. 


We see T; 0 Tj = T, if i #j, and Tj o Tj = Ty 1 <i,j < 12. 


This is the way we get projections depending on the 


subspaces. 
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All projections may not satisfy T; o Tj = T, (i 4#j). This will 
not be true in the case of all S-subspaces of V. 


For take 


Bi=35|0 0O a, O || a e¢[0,94),1<i<6}cV 
0 0 a, a, 


is a S-subspace of B. 


a, a, 0 O 
B= 5/0 0 0 Of] ae€[0,94),1<i<4hcV 
0 O a; a, 


be the S-subspace of V over the S-ring R = Zo4. 


S;: V > V and 
a, a, a, a, a, a, O a, 
Si(j/a; a, a, a |/)=|0 0O a, O 
ay aig ay ary 0 0 as a6 


is a S-special linear operator which is also a projection of V to 
Bi. 
Now consider 


@, Gz 4, ay 
S2: V > V be defined by Sx(}a,; a, a, a, |) 
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S2 is a S-special linear operator on V and is also a projection 
of V to Bo. 


Now we see S; 0 S) # S, = T,; the zero S-linear operator on 
V. 


ai” ide “Aa Ry 
Consider S;0S2(/a; a, a, a, |) 


a Ay Ay AyD 


=S2{Sa(/as; a; a, ag | )} 


Consider S,0S\({a; a, a, a, |) 


ai ay “Ay. By 
=S.:{So(]/a; a; a, a, |)} 


ay 19 ayy A> 
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a, a, 0 0O a, a, 0 0 
= 8700. OF O° wOpp=) O90 O10 
0 O a; a, 0 O a; a, 


Let W, : V > V be defined by 


By Ay Ag - Ay aj, “O “ag. 10 
Wiha; a, ay A, |)=—)a, 0 a, 0); 
ay Ayo ay ay, ay 0 ay, 0 


W| is a S-special linear operator on V. 


Several types of linear operators can be defined on V. 


For instance U: V > V defined by 


Ay Bye By: By a ae: Oe 
Wag. Bg: AG Sys RH ae Ae ag 
a Ay Ay ayy Ay Ay Ay AyD 


is a S-special linear operator on V. 


00 0 0 


Clearly kernel U# {}0 0 0 O}}. 
00 0 0 


Thus we can have several types of linear operators. 
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Example 3.24: Let 


V= slay is “Ais Bg Ais || Bre (0,58), DiS 25} 


be the S-special interval vector space over the S-ring R = Zs. 


Let T: V > V be defined by 


a, 0 0 

a, a; 
0 a, 0 

a a 
T(] 2 Y)=|0 0 a, 0 
0 0 0a, 0 

a a 
o Oo 10s 20" 168 Say 


is a S-special linear operator on V. 


Define T; : V > V be 


a, a, Oy ip? Og Saye 

a a 0 00° OF 210 Q 
TGs ie Po . 

a, a5 0 0 0 0 0 


T, is S-special linear operator on V. 
0 22 0 


Clearly ker T; # 
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Define T, : V — V is defined by 


a, 0 0 
a a a 
1 2 5 
a, a, 0 
a a, Ayo 
6 z 
T> ( : : : ) 4 as a, 0 > 
a, a ay, ay O 
Az, Ay, 55 


ay iy a3 a4 415 


0... 0 
ker T, # 
0... 0 
T;: V > V is defined by 
0 a; a, a, a, 
a, a a 
: : 0 0 a a a, 
T a a, ayy 
3 ( . J=|0 0 0 a a, 
00 0 0 a, 
Ay, Any ys 00 0 0 0 


is again a S-special linear operator on V and 


ker T3 4 
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Next we proceed onto derive other properties associated 
with these S-special type of vector spaces. 


We can also define the notion of S-special interval pseudo 
linear algebra over Z, (n < 0) and Z, a S-ring. 


In the first place S-special interval vector space V over a 
S-ring; R = Z, is defined as the S-special interval pseudo linear 


algebra if V is endowed with a product ‘.’ such that for 
a,b € V. a.b e€ V and ‘.’ is associative on V and fora € R, 
V1, V2 € V. 


a (v; + v2) # av; + av € V in general the distributive law 
may or may not be true. 


We will illustrate this situation by some examples. 


Example 3.25: Let V = {[0, 22), +, x} be the S-special pseudo 
interval linear algebra over the S-ring R = Zp. 


Ifx=11.5 andy=5 € V.x.y=11.5x5 =57.5 = 13.5e V. 


This is the way V is a S-special pseudo interval linear 
algebra over the S-ring Z». 


We see V is an infinite dimensional over the S-ring R = Z,». 
We see V has S-special interval pseudo linear subalgebras over 
R = Z, of finite order over R. 


M = {Zy, +, x}, the S-special interval pseudo linear 
subalgebra over R is of dimension one over R = Z,. 


P= 470; 0:5; 15.1053-23. 2.55.35. 3:95. «5-20, 205,215. 21.53} 
Cc V is a S-special interval pseudo linear subalgebra of finite 
dimension over R = Zp. 


Example 3.26: Let V = {[0, 12), +, x} be the S-special pseudo 
interval linear algebra over the S-ring= Z),. V_ has finite 
dimensional sublinear pseudo algebras over the S-ring R = Z). 
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M, = {Zi2, x, +} CV is a S-special interval pseudo sublinear 
algebra of V over the S-ring of dimension 1 over R = Z). 


Mp = {{0, 0.2, 0.4, 0.6, 0.8, 1, 1.2, 1.4, ..., 11, 11.2, 11.4, 
11.6, 11.8} c [0, 12)} c V is a S-special quasi vector subspace 
of finite dimension over the S-ring R = Zp. 


Let W = {{0, 0.1, 0.2, ..., 0.9, 1, 1.1, 1.2, ..., 11.9} & [0, 
12) c V be a finite dimensional quasi vector subspace of V 
over R = Z)p. 


However T; = {{0, 4, 8} Cc Zp C€ [0, 12)} is a finite 
dimensional S-linear subalgebra of V over Zp. 


Likewise T, = {{0, 2, 4, 6, 8, 10} Cc Zi. c [0, 12)} C V is 
again a S-special pseudo sublinear algebra of V over R = Zp. 


T3; = {{0, 3, 6, 9}! C Zi. c€ [0, 12)} c V is also a finite 
dimensional S-special pseudo linear subalgebra of V_ over 
R= Z12. 


V has finite dimensional S-special linear pseudo 
subalgebras as well as S-special quasi vector subspaces over the 
S-ring Zy>. 


Example 3.27: Let V = {[0, 46), +, x} be the S-special pseudo 
interval linear algebra over the S-ring Z4¢. 


V has finite dimensional S-special linear subalgebras of 
finite order though V is an S-infinite dimensional linear algebra 
over the S-ring Z46. 


Further P; = {Z45, +, x} ¢ V is a one dimensional S-special 
linear subalgebra of dimension one over the S-ring Z4¢. 


We see M, = {{0, 0.5, 1, 1.5, 2, ..., 44, 44.5, 45, 45.55} c 
[0, 46)} c V is not a S-special linear pseudo subalgebra only a 
S-special quasi vector subspace of V over R = Zag. 
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However M, is a finite dimensional S-quasi vector subspace 
of V over the S-ring R = Z46. 


M> = {{0, 0.1, 0.2, 0.3, ..., 0.9, 1, 1.1, 1.2, ..., 44, 44.1, ..., 
44.9, 45, 45.1, ..., 45.9} c [0, 46)} Cc V is a S-quasi vector 
subspace of V over the S-ring R = Zag. 


Mz is a finite dimensional S-quasi vector subspace over the 
S-ring. M; = {{0, 0.2, 0.4, 0.6, 0.8, 1, 1.2, ..., 1.8, 2, 2.2, ..., 
45, 45.2, ..., 45.4, 45.6, 45.8! c [0, 46)} is a S-special quasi 
vector subspace of V over the S-ring Z46. 


Clearly M3 is also finite dimensional over R = Zy. 
T, = {{0, 23} Cc Zap Cc [0, 46)} C V is again a S-special 


sublinear algebra of V over the S-ring Z4¢ and 


T = {{0, 2, 4, 6, ..., 44} Cc [0, 46)} c V is again a S-special 
sublinear algebra of V over the S-ring Z45, both T, and T, are 
both finite dimensional S-special pseudo linear subalgebra of V 
over the S-ring R = Zag. 


Example 3.28: Let V = {[0, 93),. +, x} be the S-special pseudo 
interval linear algebra over the S-ring R = Zo3. 


This S-special interval pseudo linear algebras has both S- 
linear subalgebras as well as S-quasi vector subspaces which are 
finite dimensional over R. 


Now we proceed onto give S-special pseudo linear algebras 
built using the interval [0, n) where Z, is a S-ring. 


Example 3.29 : Let V = {(aj, a2, a3, a4) | aj € [0, 42), 1 <i < 4} 
be a S-special pseudo linear algebra over the S-ring R = Za. V 
has both finite and infinite dimensional linear subalgebras over 
R= Z42. 


Further V can be written as a direct sum of S-sublinear 
algebras. 
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Let W; = {(a, 0, 0, 0) | a: © [0, 42), +, x} Cc V bea 
S-special interval pseudo sublinear algebra of infinite dimension 
over R = Zy. 


Let W2 = {(0, ao, 0, 0) | a2 € [0, 42), +, x} CV, 
W3 = {(0, 0, a3, 0) | a3 € [0, 42), +, x} c V and 
Wa, = {(0, 0, 0, ag) | a4 € [0, 42), +, x} C V be the four 
S-special interval pseudo linear subalgebras of V over R = Zap. 


Clearly Wi © W; = (0, 0, 0, 0) if i #j, 1 < i,j < 4 and 
V = W, + W2 + W;3 + W,g is a direct sum of sublinear pseudo 
algebras over the S-ring R = Zy. 


Let P| = {(ai, 0, 0, 0) | aye Z42, Shy x} G& V, 
P, _ {(0, a2, 0, 0) | a2 € Z42, +, x} Cc V, 
P; = {(0, 0, a3, 0) | a3 © Zao, +, x} C V and 
Py = {(0, 0, 0, a4) | ag € Za, +, x} C V are the four 
S-special interval pseudo linear subalgebras of V over R = Zap. 


Clearly P; ~ Pj = {(0, 0, 0, 0)} if 1 + j, 1 <1, j < 4 and 
P=P,+P,+P3;+ Py, ¢ V is also a finite dimensional linear 
subalgebra of V over R = Zy. Thus this sort of direct sum we 
define as sub subdirect sum of sublinear algebras of V. 


Let M, = {(a1, a, 0, 0) | a1, a2 € {0, 0.5, 1, 1.5, 2, 2.5, ..., 
41, 41.5}, +, x} c V be a S-quasi special vector subspace of V 
over the S-ring Zp. 


M, is finite dimensional; M, is not a linear pseudo 
subalgebra for if x = (0.5, 2.5, 0, 0) and y = (1.5, 2.5, 0, 0) e M, 
then xxy = (0.5, 2.5, 0, 0) x (1.5, 2.5, 0, 0) = (7.25, 6.25, 0, 0) 
é My). 


Hence the claim. 


Let N; = {(a1, 0, a2, 0) | a1 € [0, 42) ar  {0, 0.2, 0.4, 0.6, 
0.8, 1, 1.2, ..., 40, 40.2, ..., 40.8, 41, 41.2, 41.4, 41.6, 41.8} 
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[0. 42), +, x} < V be the only S-special interval quasi vector 
subspace of V over R = Zap. 


Infact N, is an infinite dimensional S-special quasi interval 
vector subspace of V over R = Zap. 


Cleary N; is a S-special interval pseudo linear subalgebra of 
V over the S-ring Zyp. 


Let x = (5, 0, 0.4, 0) and y = (3, 0, 2.4, 0) e N;; 
xxy =(5, 0, 0.4, 0) x (3, 0, 2.4, 0) 
= (15, 0, 0.96, 0) ¢ N;. 


Hence the claim. 


Thus we have S-special quasi subset vector subspaces of V 
of both finite and infinite dimension over the S-ring R = Zy. 


Let S; = {(a1, a2, 0, 0) | a1, a2 © Za2} C V be a S-special 
interval sublinear algebra of finite dimension over R = Zy. 
So= {(a1, a, 0, 0) | aj, a2 € {0, 0.5, 1, 1.5, 2, 2.5, ..., 41, 41.5} 
c [0, 42)! Cc V is only a S-special quasi vector subspace of V 
over the S-ring R = Zap. 


Clearly S, is not a S-special linear subalgebra of V for if 
x = (0.5, 1.5, 0, 0) and y = (0.5, 0.5, 0, 0) € S, then 
x+y =(0.5, 1.5, 0, 0) + (0.5, 0.5, 0, 0) = (1, 2, 0, 0) € S» but 
x x y = (0.5, 1.5, 0, 0) x (0.5, 0.5, 0, 0) = (0.25, 0.75, 0, 0) ¢ Sp. 


So S, is not closed under the product hence S; is only a S- 
special quasi vector subspace of V over R = Z4p. 


However dimension of S, over the ring R is finite. 


Let S3 = {(0, a), 0, a2) | a1, a2 € {0, 0.1, 0.2, ..., 0.9, 1, 1.1, 
wy 1.9, ..., 41.1, 41.2, ..., 41.9} c [0, 42)} c V be the only 
finite dimensional S-special quasi vector subspace of V and is 
not a S-special pseudo linear subalgebra of V over the S-ring 
R= Z4. 
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We have seen both finite and infinite dimensional S-special 
quasi vector subspaces of V. Now consider S4= {(aj, a2, a3, a4) | 
a, € {0 2, 4, 6, 8, ..., 40} C Za c [0, 42); 1 <1 <4} CVisa 
S-special linear subalgebra of V over the S-ring Zs). Clearly 
dimension of S, over Z4 is finite. 


We have only finite number of S-special linear subalgebras 
of V over the S-ring R = Zap. 


Example 3.30: Let 
V=35| . || a € (0,6); 1<i<6} 


be the S-special vector space over the S-ring R = Ze. 


V is infinite dimensional over the S-ring R = Z,. V has 
several infinite dimensional S-special vector subspaces over Ze. 


For 
P, = . || a €[0,6)$ cV 


is a S-special vector subspace of V over the S-ring R = Zg. 


P; 


P2 
P,= 4] 0 || pi, po € [0, 6)} CV 
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is a S-special vector subspace of V over the S-ring R = Z, of 
infinite dimension over Zo. 


a, € [0,6)} CV 


Oo 


oO 
— 


is a S-special vector subspace of V over the S-ring R = Ze. 


oo 


0 
P,= a €[0,6),1<i1<3}cV 
a, 


a, 


a, | 


is a S-special vector subspace of V over the S-ring R = Ze. 


a, 


a; € [0, 6), 1<i<3}cCV 


0 | 


is a S-special vector subspace of V over the S-ring R = Ze. 


Thus V has several S-special vector subspace of infinite 
dimension over the S-ring Ze. 
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Consider 


is a S-special vector subspace of V over the S-ring Z, and is 
finite dimensional over Ze. 


Let 


So =4| 0 || ae Zot CV 


is a S-special vector subspace of V over the S-ring Z, and is 
finite dimensional over Zo. 


a €Zo,1<i<3}cV 
a; 
0 | 


is a S-special vector subspace of V over Z¢ of finite dimension. 
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Sa = a, a €Z6c[0,6)} CV 


is a S-special vector subspace of finite dimension over the S- 
ring Ze. 


S5= ; aE Zo} CV 


a; 


is a finite dimensional S-special vector subspace of V over the 
S-ring Ze. 


We can make V into a S-special pseudo linear algebra by 
defining a product x,, the natural product on V. 


Thus (V, x,) becomes a S-special interval pseudo linear 
algebra of infinite dimension over Ze. 


However V has also finite dimensional S-special linear 
subalgebras over Ze. 


Let 


M, = . a, € Ze, Xn} CV 
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be a S-special linear subalgebra of V over the S-ring Z,». M, is 
finite dimensional over Ze. 


M = ay, a2 © Lo, Xp} e¥ 


0 | 


is a S-special linear subalgebra of V over the S-ring Ze. 


M; is of dimension two over Ze. 


The basis of M> is c M> over Ze. 


T 
ooocmUmr;rhLUCcCOUlUCO 


a 
M;=<| 7 ll aeZs, 1 <is6} CV 


is a S-special pseudo linear subalgebra of V over the S-ring Ze. 


Dimension of M; over the S-ring Z,¢ is 6. The basis of M3 is 
given by 
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1][0] [0] [0] fo] fo 
O}/1}]0}}0] |o}]o 
0|/0]|1] | 0] | 0] }o 

B= ; i : ‘i Cc M; over Ze. 
OO) 0/} 1] 0} 0 
0|/0]|0}|0)}1]}o 
Lo |,0} {0} {0} }o] [1 


a 
My = 31>) @-e £0, 9-4) eZ, 1<1< 6} eV 
ae 
is a S-special linear subalgebra of V over Ze. 


Clearly M, is of dimension 6 over Ze. 


2\}0}}0}/|0})0)/0 
0}}2})}0})/0})0) 10 
. — {FO O;12]/ 0} 0] | 0 
A basis of M, is ela gles is cV 
0};O});0})2});0) 10 
0};0};0})/0})2) 10 
Lollo} fo} lo} fo] {2 
a, 
a, 
Ms =M,= 4| "3 || a, € {0,3}, 1<i<3} CV 


oo oO 
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is a S-special linear subalgebra of V over the S-ring Z». Ms is 
finite dimensional over Ze. 


A basis of Ms over V is 


Thus V has S-special sublinear algebras of finite dimension 
as well as infinite dimension over Ze. 


T,= a,a € {0,0.5, 1, 1.5, 2, 2.5, ..., 4.5, 5, 


Lo | 
5.5} 6 [0,6)} cV 


is only a S-special quasi vector subspace of V of finite 
dimension over Z¢. 


Clearly T> is not a S-special linear subalgebra of V over Ze. 


[ 0.5 | 5 ie 
0 0 
1.5 2.5 
For take x = and y = eT). 
0 0 
0 0 
| 0 | 0 
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0.5 is] 0.75 
0 0 0 
1.5 2.5 3.75 
We see X X,Y = a = ¢ T2; 
0 0 
0 0 0 
0 0 | 0 


hence T> is not a S-special linear subalgebra only a S-special 
quasi vector subspace of V over R = Zg is of finite dimension. 


Let T3 = aj, a2 € {0, 0.01, 0.02, ..., 0.1, ..., 1.0, 1.01, 


pe Owls 02) 2409} S06) tev 
be a S-special quasi vector subspace of V over the S-ring Ze. 


Clearly T3 is a S-special linear subalgebra of V over Zg. 


ge 
0 
0 
Let Ty = 0 aj, a2 € {0, 0.2, 0.4, 0.6, 0.8, 1, 1.2, ...,5, 5.2, 


0 


La, 


5.4, 5.6, 5.8} C0, 6)} CV 


be a S-special quasi vector subspace of V over the S-ring Z, and 
is not a S-special linear subalgerba of V over Ze. 
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Clearly T, is finite dimensional over Zo. 


a, || 0 
0] )a, 
0/| 0 
Let T; = 0 (0 a; € {0,,0:25, 0.50,.0.75, 1,.1.25, «..5 
0}/ 0 
0|| 0 


5, 5.25, 5.5, 5.75} €[0, 6), 


and a € {0, 0.001, 0.002, ..., 1, 1.001, 1.002, ..., 4.001, ..., 
4.999} c& [0, 6)} c V be a S-special interval quasi vector 
subspace of V over the S-ring Ze. 


Clearly dimension of Ts; over Z¢ is finite dimensional. 
We can write V = W, +... + We or 

V= W, + W2 or 

V=W, + W,+ W; or 

V=W, + W,+ W3+ W, and 

V=W, + W2+ W3 + Wa + Ws. 


We just show this by some illustration. 


a, 


0 
Let Wi = 5] . || a1 € [0, 6), xn} CV, 
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W> = 0 ae [0, 6), Xn} Cc V, 


W3 = a€ [0, 6), Xn} = V, 


aoe 
( ca 1 
S26 1672 SS 


rol 
0 
0 

Ws 7 a4 € [0, 6), Xn} c V, 


Lo | 


W;= as € [0, 6), x,} c V and 


L—- = e)) SS 
oF ooo os 
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Wo= ap € [0, 6), xn} CV 


ocooocUcmhUcO 


be the six S-special pseudo linear subalgebras of V over the 
S-ring Ze. 


Clearly 


W; 0 W;= ifi#j, 1<i,j<6 


co oa co co oS 


and V = W, + ... + Wg and thus V is the direct sum of S-special 
linear subalgebras over Ze. 


Let 
Pa 
a, 
0 
Bi = 0 aj, a2 € [0, 6), x} CV, 
0 
L 0 | 
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a 
Bo = a3€ [0, 6), xn} CV, 


o oO 


B3 = a4€ [0, 6), Xp} C V, 


as € [0, 6), Xn} c V, 


aoe [0,6), xn} CV 


be the S-special linear subalgebras of V over the S-ring Ze. 
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We see 


B, 0B; = ifizj,1<i,j<6and 


oo ocUcmlhUc OD 


— 
o 


V =B, + B. + B; + By + Bs is the direct sum of S-special 
sublinear algebras of V. 


Let 

< 
0 

es . a; € [0, 6), 1 <i<3,xn} CV and 


a 


Lo | 


C= a; € [0, 6), 1<i<3,x} CV 


be the two S-special linear subalgebras of V over Ze. 
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We have 


Ci NGC) = and V=C, + C 


a 


is the direct sum of S-sublinear algebras of V. 


0 
0 

Let Dy= ai, a2 € [0, 6), x} CV, 
0 


D2 


ai, a2 € [0, 6), xn} C V and 


on Sf S 


D3 = aj, a2 € [0, 6), Xn} CV 


| 0 


be S-special linear subalgebras of V over the S-ring Ze. 
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Clearly 


DAD = ,14j,1<i,j <3 and 


ooo°oc.lUc 


0 


D, + D2 + D3 = V is the direct sum of S-sublinear algebras. 
Let 


a, 
a, 
0 
Ei r ai, a € Ze} CV, 
0 
| 9 | 
a 
0 
0 
E,= aj, ao, a3 € Zo} C V and 
a, 
a, 
La; | 
ro 
0 
0 
B3 = 0 a, € Zo} CV 
0 
LA 
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be the three S-special linear subalgebras of V. 


0 
0 
4 er - 
Bia E;= 0 ,1%j,1<1,j <3. 
0 
0 
But V #E, + E,+ E;3. 
a; 
a, 
a 
Further E = E; + E, + E3 = : a €Zo,1<i<6$cV 
a, 
as 
a 


is a S-special pseudo linear subalgebra of finite dimension over 
R= Zo. 


Now we give some more examples before we proceed onto 
discuss about other properties. 


Example 3.31: Let 


a 
V=i/ 2 2 JF || ae [0, 46), 1 <i< 52} 
Aggy Asg As; Asp 
be the S- special vector space over the S-ring R = Z4,. If the 


natural product x, on matrices is defined V becomes a S-special 
pseudo linear algebra over the S-ring R = Zag. 
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It is easily verified V can be written as a direct sum. V has 
both finite and infinite dimensional S-special linear subalgebras. 
Also V has both finite and infinite dimensional S-special quasi 
vector subspaces over Z4¢. 


Let 
a, a, a; a, 
0 0 0 0 

W\= ere a {0, 0.5, 1, 1.5, 2, ..., 40, 
0 0 0 0 


40.5, 41, 41.5, 42, 42.5, ...,45,45.5}1<i<4} cV 


be a S-special quasi vector subspace of V and is not a S-special 
linear subalgebra of V. 


Clearly dimension of W; ¢c V over R = Zy is finite 
dimensional. 


Let 
a, 0 2 
0 0 
W>= ee eee | {0, 0.2, 0.4, 0.6, 0.8, 1, ..., 
0 00 O 


45, 45.2, ..., 45.8} and a € [0, 46)} CV. 


W> is a S-special quasi vector subspace of V over R = Zao. 
The dimension of W> over Zag is infinite. 


However all the S-special interval pseudo linear algebras 
defined over the S-ring in this chapter are commutative, now we 
proceed onto give examples of non commutative S-special 
interval pseudo linear algebras over the S-ring. 
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Example 3.32: Let 
V = {(a: | a2 a3 a4 | as) | aj © [0, 58), 1 < i < 5, +, x} be the 
S-special interval pseudo linear algebra over the S-ring Zs. 


V has both finite and infinite dimensional S-special linear 
subalgebras. Further V has both finite and infinite dimensional 
S-special quasi vector subspaces. 


Take P; = {(a) | a2 a3 a4 | as) | aj © Zsg, 1 $1 $5} CV, Visa 
finite dimensional S-special linear subalgebra of V over the 
S-ring R = Zss. 


Let Ps = {(a; | a2 0 0 | a3) | aj € [0, 58), 1 <1 < 58! CV; Pp 
be a infinite dimensional S-special linear subalgebra of V over 
the S-ring Zsg. 


Let P; = {(a; | 0 0 ay | 0) | a1, a € {0, 0.5, 1, 1.5, 2, 2.5, ..., 


57, 57.5} ¢ [0, 58)} c V be a S-special quasi vector subspace 
of V over S-ring Zs. P3 is finite dimensional over S-ring Zs. 


Py = {(0 | a; ap a3 | 0) | aj, a2 © [0, 58), a3 ] {0, 0.1, 0.2, ..., 
0.9, 1, 1.1, ..., 57.1, 57.2, ..., 57.9} © 0.58)} Cc V is an infinite 


dimensional S-special quasi vector subspace of V over Zsg. 


Example 3.33: Let 


V= a, € [0, 51), 1 <i<8,+, x,} 
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be a S-special pseudo interval linear algebra over the S-ring 
R= Zs, under the natural product of matrices. 


We have finite and infinite dimensional S-special pseudo 
linear subalgebras as well as finite and infinite dimensional 
S-special quasi vector subspaces. 


0 
a, 
a, 
Let T; = : ay, a2 € [0, 51), +, x,} c V and 
0 
0 
| 9 | 
0 
0 
0 
Ti = : ay, a2 € [0, 51), +, x,} CV 
0 
a, 
a, 


be two S-special pseudo interval linear subalgebra of V. 


We see both T; and T, are infinite dimensional S-special 
interval linear subalgebras of V over the S-ring Z5). 


It is observed that for every x € T, and every y € T> are 
such that 
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XX,y= 


Spm Oo: ela ole 


r 
oO 
LL 


Thus the S-special linear subalgebra T; is orthogonal to the 
S-special linear subalgebra T2, however T, is not the orthogonal 
complement of T> in V. 


Now consider 


Plo oslo 


T; 


a}, a2, a3 € [0, 51), ah Xp} Cc Vv 


© 
N 


ool” 


is also a S-special interval pseudo linear subalgebra of V over 
the S-ring Zs). 


T; is also infinite dimensional; T; is orthogonal to both T, 
and T, however T; is not the orthogonal complement of T, or 
To. 
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ors 
] 


Let Ty = a; € [0, 51), 1<i<5,4, xn} CV 


be a S-special interval pseudo linear subalgebra of V over the 
S-ring Z51. 


We see the orthogonal complement of T, is T; and vice 
versa. 


Further V = T3 + Ty. 


We can also discuss as in case of usual linear algebras 
notion of orthogonal complement of a set Sc V. 


However it is left as an exercise to find 
S* = {x e V| x x, y= (0) for all y © S} and prove S" is a 
S-special vector subspace of V. 
Example 3.34: Let 
S| Bo Be) | Big. Bee Be | he - 
V= 4] Ay | Ay Ay | Ay 83 Aq | Ais yg || Ai © [0, 62), 
a7 Aig Ajo An a>, a, a5; An, 


1<i<24} 


be the S-special interval pseudo linear algebra under the natural 
product x, over the S-ring Z¢9. 
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We see 
a,}0 0/0 0 0/0 O 
Mi=,4/a,/0 0/0 0 0/0 O]j a € [0, 62), 
a,}/0 0/0 0 0j0 O 


is a S-special interval pseudo linear subalgebra of V over Zep. 


0) a, a, (0. 0 0/0 0 
M.=4/0}]a, a,/0 0 0/0 O]j a € [0, 62), 
Oja,; a,|O0 0 0/0 0 
1<i<6}cV 
is again a S-special interval pseudo linear subalgebra of V over 
the 
S-ring Z62. 
Now 


O;a, 0 a,]0 0 
Oja, 0 a,|0 O]| ae [0, 62), 
Oja, 0 a,}0 0 


1<i<6}cV 


is a S-special interval sublinear algebra of V over the S-ring Z6. 


Clearly Mj 7 Mj = 


oo oO 


0 0;0 0 0/0 0 
0 0/0 0 0/0 Of}; if14j, 
0 0;0 0 0/0 0 


1<ij<3 
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and for every x € M, and for every 


0/0 0/0 0 0/0 0 
yeMG4jxx,y= 5/0/0 01/0 0 0/0 OFF,” 
0/0 0|;0 0 0/0 0 


LetNi:=5/0/0 0/0 0 0/0 Off ae {0, 0.5, 1, 
0;0 0;0 0 0j,0 O 


1:5, 2, 2.5, «1560, 60,5, 61, 61.5} c [0; 62), 15158} SV; 


N, is a S-special interval quasi vector subspace of V. Nj is a S- 
special interval quasi vector subspace of V. 


N;, is not closed under product x,. Nj; is a finite dimensional 
S-special quasi vector subspace of V over the S-ring Z,). 


Let 


01/0 0;0 0 0]0 =O 
No=4/a,]/a, a,/0 0 Of] 0 O || ae {0,0.1, 0.2, 
0|0 Olja, a; a,j|a, ag 


0.3, ..., 0.9, 1, 1.1, 1.2, ..., 60, 1, 60.2, ..., 60.9, 61, 
61.1, ..., 61.9} €[0, 62), 1<i<8} CV, 


Np) is also a S-special interval quasi vector subspace of V over 
the S-ring Z. and N> is of finite dimension over Zs.._ However 
N, is orthogonal with N, and vice versa. 


But N; is not the orthogonal complement of N> and vice 
versa. 
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Infact N* of N, is a S-special interval subspace of V over 
Z62 


3 | a, as ag | a, ag aj, aj € 
ay aio ay, ayy 443 ai4 ays Ai6 


[0, 62), 1<i,j<l6}cV 


is S-special pseudo linear subalgebra of V over Zep. 
0}/0 0);0 0 0/0 0 
We seeN; 1N*=4/0/0 0/0 0 0]0 0 
0/0 0/0 0 0/0 0 
0/0 0/0 0 0/0 0 
andN; x,N*=4/0/0 0/0 0 0/0 0 
0/0 0/0 0 0/0 0 


but however N, + N+ # V. N° is the orthogonal complement of 
Ni. 


Example 3.35: Let 


Vo .| 2p 8 | ae 0, 69); 11 < 40} 
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be the S-special pseudo interval linear algebra over the S-ring 
L609. 


V has infinite and finite dimensional S-interval quasi vector 
subspace over the S-ring Zoo. 


0 0 O 
0 0 O 
a, a; a, 


Let M; = a € {0, 0.5, 1, 1.5, 2, 2.5, 3, ..., 


eo 6-0-0 |.5/:o7d|,2 36:6 


ooo oco]yofyo co 
ooo oyo}y}o So 
ooo Co}; Co}o & 


68, 68,5} <[0, 69), 1<i<4}cV 


be the S-special quasi vector subspace of V over the S-ring Z¢o. 
Clearly My, is a finite dimensional S-special quasi vector 
subspace of V. 


0 0 0 0 
0 0 0 O 
0 0 0 O 


Let M> = a1, 42, 43, ag © [0, 69), a5, a6, 


ooo o;o 
ooo °oc;o 
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ip, ag @ £0; 0.1,0.2; 03, ..2, 09,1, 14, 1.2, 5,19 2, 
..., 68, 68.1, 68.2, ..., 68.9} €[0, 69) CV 


be a S-special quasi vector subspace of V over the S-ring Zepo. 


However Mz is a S-special quasi vector subspace of infinite 
dimensional over the S-ring Zoo. It is easily verified M, is 
orthogonal to M> and vice versa. 


But M;, is not the orthogonal complement of M, and Mj is 
not orthogonal complement of M;. 


Let 


N,|= 


PS OS: SS SS 


a a) 


Plooodco 


ooo lhO 


Ploocooodod 


— a a) 


ero Ss|.co oa 6 


a) 


a; € [0, 69); 1<i<64¢ CV 


be the S-special pseudo interval linear subalgebra of V over the 


S-ring Zoo. 


The dimension of N; is infinite over the S-ring Ze. 
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Let Np = a; € [0, 69); 1<i<8}cV 


o;}oljo o1joo oe 
o}olo o1o oo 
ololjo o1Co co O&O 
o;}ol;o o1jo oo 


oS 
of 
op 
oS 


Ae Ay Ay. Ay 


be the S-special pseudo interval linear subalgebra of V over the 
S-ring Zoo. 


We see N, is orthogonal with N» and N> is orthogonal with 
N,. N; is not the orthogonal complement of N> and N> is not the 
orthogonal complement of N; and N; +N. # V. 


Example 3.36: Let 


a; € [0, 55), 1<i<24} 


| 21 


be the S-special interval pseudo linear algebra over the S-ring 
Z55. 


V has finite and infinite dimensional S-special quasi vector 
subspaces. 
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ai € {0, 0.5, 1, 1.5, 2, 2.5, ..., 54, 


oo o;}o oo 


as 


54.5}, [0,55)} cV 


is a S-special quasi vector subspace of V over the S-ring Zs; of 
finite dimension 


a}, a2, a3, a4 € [0, 55), ay, 

a, 

| 0 

as, ae € {0, 0.1, 0.2, 0.3, ..., 0.9, 1, 1.1, ..., 54, 54.1, ..., 
54.9} <[0,55)} cV 


be the S-special quasi vector subspace of V over the S-ring Zss. 
Mz is infinite dimensional S-quasi vector subspace of V over 
Z55. 

Let 


Ni= ai € {0, 0.2, 0.4, 0.6, 0.8, 1, 1.2, 1.4, 
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veey 2, very 54, 54.2, 54.4, 54.6, 54.8} C0, 55), 1<Si<6} CV 


be a S-special quasi vector subspace of V of finite dimension 
over the S-ring Zs5. 


Example 3.37: Let 


a a, 4; 
V= y/a, a, a, |} a €[0,51);1<i1<9} 
a, ag ay 


be a S-special interval pseudo linear algebra. 


V is a non commutative S-special interval pseudo linear 
algebra under the product usual product x and is commutative 
S-special interval linear algebra under natural product x,. 


V has both finite and infinite dimensional S-special pseudo 
linear subalgebras. 


a, 0 O 
M, = 0 a, 0 a € Zs; 1<1<3$cV 
0 0. 4, 


is a S-special interval pseudo linear subalgebra of finite order 
over the S-ring Zs). 


M, is finite dimensional over Z5}. 


a, 0 0 
M2= 4/0 a, O|} a¢[0,51);1<is2}cV 
0 0 0 


is a S-special pseudo interval linear subalgebra over the S-ring 
R=Zs,. Clearly dimension of M) over R is infinite. 
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a, a, a; 
Ni= 4/4, a; a, |] ai € Zs; 1 S<i1<9} C Visa S-special 
a, ag ay 


interval linear subalgebra which is non commutative over 


R=Zs5). 


N, is also a finite dimensional S-special pseudo linear 


algebra over R = Zs). 


Consider 
a, 4a, 
N> a, a; 
a, ag 


a € Zs; 1<i1<9,x,} CV 


is a S-special interval pseudo linear subalgebra over R = Zs, 


which is commutative 


S-ring R = Zs). 
Let 
a, a, 
T, = 0 as 
a, 0 


is a S-special pseudo 


and N> is also finite dimensional over the 


a, || a € [0,51);1<i1<9,x,} CV 


linear subalgebra which is commutative 


and is of infinite dimension over R = Zs). 


Let 


0 || aj € [0,51);1<1<4,x,}cV 
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be an infinite dimensional S-special linear subalgebra of V 
which is commutative over R = Zs. 


Clearly under x, all S-special subalgebras are commutative. 


Example 3.38: Let 


V=s5la, “ap “8g Ay. Ais || BS [0;.15); 1 31525, x} 


be the S-special interval linear algebra over the S-ring Z|; = R. 


V is non commutative pseudo linear algebra of infinite 
dimension over R = Zs. 


Let 
a, a, 0 0 0] 
0 0 a, 0 O 
P=4}0 0 0 a, O}/ ae€[0,15)}cV 
0 0 as 
0 0 0 


Let 


and B= € Pi, 


> 
ll 
oooo wm 
oo oo N 
oO CoO OW SO 
oor oOo SO 
or a) 
oo ooUD8!N 
oooclmUcuwcCmllhMN 
oo en a) 
ook oOo SO 
ono o lhcO 
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we find 


AxB= 


oo oc.lc.oO MN 
oo oOcmUcUCOlUWN 


ooo o NM 


oo OW SO 


oo fF Oo S&S 


oN CO CO CO 


75 0 0 0 
00 8 0 0 
000 4 0 
000 0 8 
000 0 0 
0 0 
12 0 
0 O| €P; 
0 O 
0 O 


Hence P, is only a S-special interval quasi vector subspace 
of V and is not a S-special linear subalgebra of V over Z)s. 


Let 


P, = a3 


a 
Ai6 ay; Aig 
a 


a 


23 


9 


a4 


Ajo 


a4 


25 | 


a; 640) 0-5.71, Ta, 22S, ses 


13, 13.5, 14, 14.5} [0, 15);1<i<15}cV 


be the S-special quasi vector subspace of V over the S-ring Z\s. 


P, is not S-special pseudo linear subalgebra of V over Zs. 


P, is only finite dimensional as a S-quasi special vector 


subspace of V. 


Smarandache Special Interval Pseudo Linear Algebras | 193 


(0:5: OS! PO: 05°05 
0 O 05 1.5 0.5 
LettA=]1.5 05 05 05 1 1]eP. 
05 05 1 05 0.5 
[ed ODO. 035° O25 


[0.5 0.5 0 05 0.5 
0. OF 05 15)705 
AxXA=|15 0.5.0.5 0.5: 1 | x 
05 0.5 1 05 05 
| 1 05 05 0.5 0.5 


Fe Le COPS: Wt «dese 4 
2 DU 2S> 2 (E95. 5 
S275 LIS. 1S 99S 195) -e Po 
OS Oe WS eS 
[ade MQSS Do. S2- aS 


Thus P) is not a S-special linear subalgebra only a S-special 
quasi vector subspace of V over Z)s. 


Now having seen examples of finite and _ infinite 
dimensional S-special quasi vector subspaces and S-special 
linear subalgebra both commutative we proceed onto illustrate 
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the notion of S-special linear transformation and S-special linear 
operator. 

In the first place the notion of S-special linear 
transformation of S-special interval vector spaces and S-special 
interval linear algebras can be defined only if both of them are 
defined over the S-ring Z,. 


We will illustrate this situation by some examples. 


Example 3.39: Let V = {(a1, a2, a3, a4) | a; € [0, 6), 1 <i < 4} 
and 


W= a; € [0, 6); 1 <i<6} 


be two S-special interval vector spaces over the S-ring Z,. 


Let T: V > W bea map such that 


T {(a1, a, a3, a4)} = 


a, 


La, 


Clearly T is a S-special linear transformation from V to W. 


We can also define T,; : W > V by 
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T; { } = (a + a2, 43, 44, a5 at a6); 


T, is also a S-special linear transformation from W to V. 


As in case of usual linear transformations we can in case of 
S-special linear transformation define kerT. 


kerT; = {x € W|T, (x) =(0)} #(0, 0, 0, 0). 

Thus ker T, is a non trivial subspace of W. 

We can also define projections in case of S-special linear 
operations. Before we proceed to describe S-special linear 
projections and S-special linear operators we give some more 


examples of S-special linear transformations. 


Example 3.40: Let 


V=5/a, a, a, || a © [0, 26); 1<i1< 15} 


a; € [0, 26); 1 <i<12} 


a a a a a a 
WwW 1 2 3 4 5 6 
[ ) 
a, a, ay Ay Ay A> 


be S-special vector spaces defined over the S-ring Zy.. 
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Define T: V > W by 


a, a, a, 


T(| a, ag a, )=[ 


T is a S-special linear transformation from V to W. 


We can define T; : W > V by 


T, is a S-special linear transformation from W to V. 

Since all the S-special interval vector spaces (S-special 
interval pseudo linear algebras) defined over the S-ring, Z, 
happens to be infinite dimensional; we have not describing 
results as in case of finite dimensional S-vector spaces. 


Example 3.41: Let 


V= a; € [0, 46); 1 <i<18} 
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and 


By. |Aig Ay |e Mg Bg Bg, |g. Sy 


Ao ay ayy a3 ayy a5 16 a7 Aig 


[0, 46); 1 <i< 18} 


be S-special interval linear algebras defined over the S-ring Zy¢. 


Define T : V > W by 


a; a, a; 
ay @.-. Ag 
a, a, a 
7 8 9 
Tt j 
Age Bie 8 


By || ap age Bye Ae Bee “As! ae: 2, 


Ayo | Ay Aya | 473° yg ys Ay | AZ = Ag 


T is a S-special linear transformation. 


Infact T is one to one and onto. 
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Example 3.42: Let 


a, Ay Arg 
a; Ay Ay 
a, Ay Aggy : 
v= a; € [0, 44); 1<i<24} 
a; 43; Ad, 
Ag Ay Ag. 
a, As Ap; 
Ag Ae Ang 


be a S-special interval vector space over the S-ring Z44. 


Define T: V > V by 


a, ay ay; a, ay a7 
a, ain Aig 0 0 0 
a; a 1 Ay a, ay, Ay 
T( a, ay Any = 0 0 O 
as a3 a5, a; 413 ay, 
a Ay ay 0 0 O 
4, 5 42; a, a5 ax 
dy “Aye a, | 0 0 0 | 


T is a S-special linear operator on V. 
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00 0 
00 0 
00 0 
00 0 
ket T# 
00 0 
00 0 
00 0 
00 0 
fa, 0 0 
a, 0 0 
a, 0 0 
0 0 
Let M, = 4) “4 a; € [0, 44); 1<i<8}CV; 
a, 0 0 
a, 0 0 
a, 0 0 
[a, 0 0 


the restriction of T to M; is given by 


a; 


a, 
0 
as 
0 
a 
| 9 0] 


T {Mi} = 


ooo c.UccCcmUcCmhUhO 


cooooccoc co 


Now we can define also the notion of projection mapping. 
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Let 


a € [0,44); 1 <i<8}cV 


oo coco clUcUcCTWcolhlLlcO 


fev) 
nn 
oo oo co coc oO 


be the S-special vector subspace of V over the S-ring Z44. 


Define T; : V > V by 


a, a, 4a, a, 0 0 
a, a, a, a, 0 0 
a, a, a, a, 0 0 
fe Ai ai, aio LS Ai 0 0 2 
413 aig a5 413 0 0 
Ai6 a7 Aig Ai6 0 0 
Aig Ano ay, Aig 0 0 
A) a5; Ang An, 0 0| 


T, is a S-special linear operator on V; infact T; is a 
projection on V. 


We see T; 0 T; = T). 
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Consider T, : V — V given by 


a, a, a, 0 a, O 

a, Ay Arg 0 a, 0 

a; 4, Ayo 0 a, 0 

Tif A, Ay, Ang es 0 a, 0 
as a3 45, 0 a; 0 

A Ay, An» 0 a, 0 

a, a5 a5; 0 a, 0 
Lag A16 An, | [0 a, 90] 


We see T) is a S-special linear operator on V and T, 0 T2 = 
To. 


However if 


W2= a, € [0, 44); 1 <i<8} CV; 


tab) 
iN 
cooocococvuUulc_ Cc 


cooocococlUuc[c_e lt 
2 
nn 


then T, can be realized as a S-special linear projection of V onto 
W>. 


Thus we can depending on V define S-special linear 
projection depending on the subspaces. 
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Let 
a 
0 0 0 ; 
W3= ; ; : a, € [0, 44); 1 <i<3}cV 
0 0 0 


be a S-special vector subspace of V over the S-ring Zag. 


Define T3; : V > V by 


a ag ayy 

a, Ay Ayg 

a; 4, Ayy a, a, 4, 
1 «| Ayn Agy 2 0 0 0 

a; 43 Ay 

as Ay Ay 0 0 0 

a, As Ap; 


Lag Aye Ag | 


Clearly T; is a S-linear operator on V. T3 is a projection of 


V on W; 
T3 oO T3 = T3. 
[0 0 0 
a, a, a; 
a, a, a, ; 
Let W4= a € [0,44);1<i<6}cV 
0 0 0 
[0 0 0 


be a S-special vector subspace of V over the S-ring R = Za4q. 
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Define T, : V > V by 


Ty { 


T, is a S-special linear operator on V and Ty is a projection 
of V into Wz and Ty 0 Ty = Ty. 


Let 
fo 0 0 
0 0 0 
Ws= 4 F ‘ a € [0,44);1<i<6}cV 
a a, 4a, 
a, a; a, 


be a S-special vector subspace of V over the S-ring R = Zag. 
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Let 

[ a, a, a, | 
0 0 0 
0 0 0 

a, a; a¢ , 

Wo= a; < [0, 44); 1<i<9} CV 

0 0 0 
0 0 0 
a, a, ay 

Oe 02" Os] 


be a S-special vector subspace of V over the S-ring R = Zag. 


Define Ts: V> V 


a, a, 4a, a) Wy Ay 
a, a, a, 0 0 O 
a, a, a, 0 0 O 
by i { A19 ay, ay, } = a, as a6 
13 ayy a5 0 0 0 
AX6 ay; yg 0 0 0 
Ay Ayo a> a; ag ay 
ay 53 ay, | L 0 0 0 | 


Ts is a S-linear operator on V and infact T, is a S-linear 
projection on V to We. 
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Define T;: V > V by 


a; “fy a; ] 

Sy ag, BE fo 0 0 

de> ‘ap. Bg 0 0 O 

Tes A109 ai, ain } = : 

a3 ai4 a5 0 0 0 
Ai a7 aig a, a, a, 
Aro Ano a) | a, a; a, 
An) a5; Any 


Ts is a S-linear operator on V and infact T; o Ts = Ts and Ts is a 
S-linear projection on V onto Ws. 


Let 

[0 0 0 
0 0 0 
0 0 O 
a, “ay a; : 

W,= a, € [0, 44); 1 <i<s6}cV 

a, a, a, 
0 0 O 
0 0 O 
0 0 O 


is a S-special vector subspace of V over the S-ring Z44. 


Define T; : V > V by 
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a, a, 4, 0 0 O 
a, a, a, 0 0 O 
a, a 4a, 0 0 0 
Ty { Gio Fy Ap = a a 4; 
a3 Ai, ais a, as a 
a a7 Arg 0 0 O 
ayy Any ay 0 0 O 
Ay 853 Any 0 0 O 


T7 is aS linear operator on V and T7 is a S-linear projection 
of V onto W,. 


We see ker T; # { 


oS Se ee ee ee) 

ee eee) 

ee ee ee) 
~~ 


Thus ker T; is a S-special subspace of V; 1 <i <7. 


Example 3.43: Let 


a, a, a, a, a 


ie. det wie cree A 
VSS aig. ee Se ee Be: || BS 0293) I Bi ZY 
Dig. du. Gave Awd. Ay 


Gif. whe atte tee “Ge 
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be the S-special interval vector space over the S-ring Z53. 


Let 
fa 0 0 0 O| 
O- a; D2 Qo 6 
Wi= 3/0 0 a; O Of} a e[0,93);1<si<S5}cV 
OO: -O va, 10 
10 0 0 0 a; 


be a S-special vector subspace of V over the S-ring Zo3. 


Define T; : V > V by 


ae: as As ae Tae. | fa 0 0 0 O 

ay Aro 0 a 0 0 0 

Tift} a, as/}=|0 0O a, O O 
6 Ang 0 0 0 a O 

| a>) a). O< QO Oy» 2) va, 


T, is a S-special linear operator on V. T; is the projection 
of V onto W, and T; 0 T; = T). 


Let 
[a, a, a, a, a, | 
0 0 0 0 O 
W2=4/0 0 0 0 Off] a e€[0,93);1<i<S5}cV 
0 0 0 0 O 
PO -O0°.-0 0 .@ 


be a S-special vector subspace of V over the S-ring Zo3. 
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T,: V > V defined by 


ay: 85) Ag By a Bis Ag: By Ay. “As 
Ay x9 0 0 0 0 0 

To{} a, as/}=|0 0 0 0 O 
16 Any 0 0 0 0 0 

ay, a55 0 0 0 0 0 


T> is a S-special linear operator on V and T> is a S-linear 
projection of V onto W2. 


Further T, 0 T, = T>2 is a S-special idempotent linear 
operator. 


Let 


W3=410 0 0 0 O]| ae [0,93);1<i<10}cV 


be the S-special vector subspace of V over the S-ring Z53. 


Define T3; : V > V by 


Gj. ay: Mas sg.» ay a a | 
a, Axe Sie Ap Bie 0g: “aie Hey! Ae 
St Ble © singe sees oR: BAS > Oe OF Oy. Os 
16 A59 a a, ag ay Ay 
| a5) a55 0 0 0 0 Of 
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T; is a S-special linear operator on V. 


T; is a S-special projection operator on V. T; 0 T3 =73. T3 
is an idempotent operator on V. 


Let 
0 0... 0 
0 0... 0 
W4=5/0 0 .. O |] a € [0,93);1<1<58} CV 
0 0... 0 
a, a a 


N 
n 


be a S-special linear operator on V. 


Define T,: V > V; 


a, a, a; 0 0 0 0 0 
a, a, x9 0 0 0 0 O 
Ta {/ ay ay ae (f=) 0 2 06 oe - 0 
ai ay Ang 0 0 0 0 0 
Gy, Az ays a @ 4, a 4; 


Ty, is a S-linear projection of V onto W4 and T, o Ty so Ty is 
an idempotent operator on V. 


a, a, a; 

a a, Ai 
For T:0 Ta.C| As; Bie wie Dye |) 

Aig yy Ayo 

Az, Ago 55 
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a a, as 

a 4, Ajo 

=Ts [Ta] ay, ay ais 

46 yy 9 

L421 4x ays 

[0 0 0 0 0 fo 0 

0 0 0 0 0 0 0 
=T,|/0 0 0 0 O})=/]0 O 
0 0 0 0 0 0 0 

Bs. Bis, Mg: ap ae as 


Hence Ty 0 Ty = Tq. 


oocmUcrcmhCUcO 


a a) 


We see T, o Ty = (0) where 0 denotes 


transformation on V. 


Consider T, 0 Ta(| a,,  a,, 


Aig Any 
Az, An. 
a, a, a; 
as a, aig 
=Ts[To(] a), a. 45 
Aig yy Ayo 


a) 


the zero 
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a, a, a, a, 4a, 000 0 0 
0 0 0 0 O 000 0 0 
= FAC 8 0 Or 20 DY ge S100 OO oO 0h 
0 0 0 0 O 000 0 0 
OF -O.- 0. 05 10 000 0 0 


Thus T> 0 Ty (X) = (0) for all X € V. Hence T 0 Ty is the 
zero S-special linear operator on V. 


a, a, a, 
Sie By. Sever “By 
Consider Ty 0 Tz (| a,  a,5 ais |) 
Ai6 a7 Aq 
a, A) a55 
a, a, as | 
ae A ee ig 
= Te tTat | Bip. Ai. ae he 
Ai6 a7 An 
a>, An) 455 
0 0 0] [000 0 0 
0 0 0 000 0 0 
=T,(/0 0 0|)=|0 0 0 0 0 
0 0 0 000 0 0 
a, 4a, a, 00 0 0 0 


Thus T, 0 T2 = 9 is the S-special zero linear operator on V 
as Ty 0 T, (X) = (0) for all X € V. Inview of all these we have 
the following nice theorem. 


THEOREM 3.4: [fT : V > V is a S-linear operator on V and if 
W, +... + W,, = Vis the direct sum then we have 
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(i) T;:V—>V such that 
T; (VV) =W,, 1 Si Sn. 

(ii) T; o T; = T; 0 T; (zero operator on V) 
izj, 1Sij <n. 

(iii) T; o T; = T; is the S-linear idempotent operator 
onV; 1 Sin. 


Proof is direct and hence left as an exercise to the reader. 


Next we give examples of S-special interval polynomial 
rings. 


Example 3.44: Let 


V= {Sax 
i=0 


a; € [0, 26)} 


be the S-special vector space over the S-ring R = Zp. 
Dimension of V over R = Z¢ is infinite. 


Example 3.45: Let 


10 ’ 
V= {3 a;x' 
i=0 


a; € [0, 14)} 


be the S-special vector space over the S-ring R = Z\4. V is of 
infinite dimension over R = Z4. 


Clearly V is a S-special vector space over the S-ring which 
is not a S-special linear algebra over the S-ring Z4. 


For if p(x) = ao + ayx + ax” and q (x) = bo + bix® « V; 
where ao, a1, a2, bo and b; ¢€ [0, 14). 


p(x) x q(x) = ap + ayx + ax” x (bo + b:x° ) 
= agbo + a box + aybox” + agb;x® + ayb)x” + ayb, x!” éV. 
Hence the claim. 


Smarandache Special Interval Pseudo Linear Algebras | 213 


Example 3.46: Let 


V= {Zax 
i=0 


a; € [0, 39)} 


be the S-special interval linear algebra over the S-ring Z35 = R. 
V has S-quasi subspaces and S-subalgebras. 


W, = { a,x’ 
i=0 


a, € [0, 39) CV 


is a S-quasi subalgebra of V of infinite dimension over R = Z3o. 
B= {1,x, x’, ..., x", ...} C Wy isa basis of W, over 

R= Z39. 
However B is not a basis of V over Z39. 


Let 


W> = {Sax are 10,05, 16.1.5;9,9:5,3. 2382385)e 


i=0 


[0, 39)} CV; 


W> is a S-special quasi vector subspace of V over the ring 
R= Z3o. 


Clearly W> is not a S-special linear subalgebra as if 
p(x) = 0.5 x and q(x) = 4.5x’ € Wo; 
then p (x) x q(x) = 0.5x x 4.5x’ = 2.25x* ¢ Wp. 


Thus W> is only a S-special quasi vector subspace of V of 
infinite dimension over Z39. 
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a € {0, 0.1, 0.2, 0.3, ...,0.9, 1, 1.1, 1.2, 


Let W3 = {ax 


i=0 
ving LOL 2. cigs SOelL¥ 38.2, veg oO YS [0, 39h 0515 5}-CV be 
the S-special quasi vector subspace of V of finite dimension 
over Z39. 


It is important to observe that there is no S-special linear 
subalgebra of finite dimension over R = Z3p. 


Example 3.47: Let 


V= {s a,x’ 
i=0 


a; € [0, 55)} 


be the S-special linear algebra over the S-ring R = Zs;. V is 
infinite dimensional linear algebra. V has no finite linear 
subalgebra. 

V has no finite dimensional S-special linear subalgebras. V 
has finite dimensional S-special quasi vector subspaces as well 
as infinite dimensional S-vector subspaces. 


We can using these S-polynomials special interval rings 
build S-matrix polynomials vector spaces. 


This structure is exhibited by an example or two. 


Example 3.48: Let 


b; € [0, 22), 1 <i<3} 


i=0 


y= {(a1, a2, a3) | ae {Sox 


be the S-special matrix polynomial interval vector space (linear 
algebra) over the S-ring R = Zp. 
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V has both finite and infinite dimensional S-special quasi 
vector subspaces but only infinite dimensional S-special 
sublinear algebras. 


Example 3.49: Let 


1 


V= we {Spa 


i=0 


b; € [0, 34), 1 <i<9} 


ay 


be the S-special interval polynomial linear algebra over the S- 
ring Z34. 


V is infinite dimensional. V has finite and infinite 
dimensional S-special quasi vector subspaces. However all S- 
special linear subalgebras of infinite order. 


Example 3.50: Let 


b; € [0, 55), 


i=0 


as a, a, ag a 
- i 
V=4l ay aig 8, Op || ae > b;x 


1<i<40} 


be a S-special interval polynomial matrix vector space (linear 
algebra) over the S-ring Zss. 


V has finite and infinite dimensional S-special. 


All S-special sublinear algebras are of infinite dimension 
over R = Zss. 


It is important to note the following. 
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1. The concept of eigen values and eigen vectors in general 
cannot always be defined for S-special linear operator 
spaces. As the eigen values may not be always in the 
S-ring Z,. 

2. The concept of S-special inner product cannot be always 
true for the inner product may not belong to Z,. 

3. The notion of S-special linear functionals will not find its 

values in Z,. 
So to over come all the draw backs we are forced to 
define the notion of Smarandache strong special interval 
vector space (linear algebra) or strong Smarandache 
special interval vector space (linear algebra) in the 
following chapter. 


Other than these all the properties enjoyed by the usual 
vector spaces is enjoyed by S-special interval vector spaces 
(linear algebras). The advantage of using this new notion is that 
when we study vector spaces over Z,, p a prime why not over 
the S-ring, Zn. 


We suggest the following problems for this chapter. 


Problems: 


1. Obtain some special features enjoyed by S-special 
interval vector spaces over the S-ring. 


2. Can S-special interval vector space over the S-ring Z, be 
finite dimensional? 


3. Let V =({0, 35), +) be the special interval vector space 
over the S-ring Z35. 


(i) | Find S-subspaces of V over Z35. 

(ii) Can V have finite S-vector subspaces over Z35? 

(111) How many finite dimensional S-vector subspaces 
are there in V over Z35? 

(iv) Is V finite dimensional over Z35? 
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(v) Is it possible to write V as a direct sum of 
S-subspaces? 


Let V = {[0, 46), +} be the special interval vector space 
over the S-ring R = Z4,. 


Study questions (1) to (v) of problem 3 for this V. 


Let V = {[0, 69), +} be the special interval vector space 
over the S-ring R = Zoo. 


Study questions (1) to (v) of problem 3 for this V. 


Distinguish between the S-special interval vector spaces 
and special interval vector spaces. 


Let V = {(a1, a2, a3, a4, a5) | a; © [0, 58), 1 <i < 5} be the 
S-special interval vector space over the S-ring R = Zsg. 


(i) Prove V is infinite dimensional over R = Zs. 

(ii) Find all subspaces which are finite dimensional 
over R. 

(iii) Find all infinite dimensional S-special vector 
subspaces of V over R. 

(iv) Can V have infinite number of finite dimensional S- 
special vector subspaces? 

(v) Write V as a direct sum. 

(vi) Give an example of a subset S in V and its 
orthogonal part S". 

Prove S~ is a S-special interval subspace of V. 

(vii) Show in general if W is a subspace of V, M 
orthogonal to W need not in general be the 
orthogonal complement of W in V. 

(viii) In how many ways can we write V as a direct sum 
of subspaces? 
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Let V = a; € [0, 34); 1 <i< 70} be the S-special 


interval vector subspace of V over the S-ring R = Z34. 


Study questions (1) to (viii) of problem 7 for this V. 


a, a, Ayo 
11 ay, An : 
Let V = a; € [0, 96); 1 <i < 40} be 
a>, Ay, 39 
Ag a a 


the S-special interval vector subspace of V over the S-ring 
R= Zo6. 


Study questions (i) to (vill) of problem 7 for this V. 


Let V = {[0, 52), +, x} be a S-special interval linear 
algebra over the S-ring Zs. 


(i) Show V is of infinite dimensional over Zs. 

(ii) Show V has atleast one finite dimensional S-special 
interval linear subalgebra. 

(iii) Show V has both finite and infinite dimensional S- 
special quasi vector subspaces over Z5p. 


11. 


13. 
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Let V = {(a1, a2, a3, a4) | aj € [0, 42), 1 <1 < 4} be the S- 
special interval linear algebra. 


Study questions (1) to (iii) of problem 10 for this V. 


Let V= 4] . || ai € [0, 122); 1 <i< 10} be the S-special 


interval linear algebra. 


Study questions (1) to (iii) of problem 10 for this V. 


@ 85: ae oR 
Let V= «ay Ay aig || a € [0, 77); 1 <1 < 27} be 
Gyo) Bag. oe Gig 


the S-special interval linear algebra over the S-ring Z77. 


Study questions (1) to (iii) of problem 10 for this V. 


a, a, ag 
Ss a, Aro 16 : . 
Let V = é a; € [0, 46); 1 <1 < 64} be 
as, asg aide A 64 


the S-special interval vector subspace of V over the S-ring 
R= Z46- 


Study questions (1) to (iii) of problem 10 for this V. 
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15. 


What is the algebraic structure enjoyed by the S-special 
interval linear operators on V; the S-special interval linear 
algebra? 


Ba: AL. ga, ai 
Let V = A) ap. (a. ee gy || are: [0, 39); 1 31530} be 
Ay ayy 239 


the S-special interval linear algebra over the S-ring Z3o. 


Find the algebraic structure enjoyed by Hom, (V, V). 


Let V = {(a1, a2, ..., aio) | a: €[0, 46), 1 <i < 10} and 


a 
W= ‘ a; € [0, 46); 1 <i < 12} be two S-special 


ay, 


interval vector spaces over the S-ring Zo. 


Find the algebraic structure enjoyed by Hom,  (V, W). 


Write W in problem 17 as direct sum of S-special interval 
pseudo sublinear algebras. 


a, a, a, 
Wl Ag. Sg: <aear Diy é 
Let V = ‘ : . || a € [0, 21); 1 <i < 49} be 
443 Aggy s+ Agg 


the S-special pseudo interval linear algebra under the 
usual product ‘x’. 


20. 


21. 


22. 


(i) 

(ii) 
(iii) 
(iv) 


Let 
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Prove V is a non commutative S-special linear 
algebra. 

Find S-special interval quasi vector subspaces of V 
which are finite dimensional over Z>). 

Find S-special interval quasi vector subspaces of V 
over Z>, of infinite dimension over Z>). 

Does V_ contain finite dimensional S-interval 
sublinear algebras? 


a, 

Os. Bs. Ay, (ay 
a; € [0, 62), 1 <i< 16, +, xp} 

ay Ao ai cD) 

a a 


13 


be the S-special interval linear algebra over the S-ring Z,). 


Study questions (1) to (iv) of problem 19 for this V. 


a,° lg Ga Be 


Let Vi= 4] a Ary «ye || ai © [0, 46); 1 <i < 54} 


437 38 a asy 


be the S-special interval linear algebra over the S-ring Z46. 


Study questions (1) to (iv) of problem 19 for this V. 


(i) 
(ii) 


Study Hom, (V, Vi). 
Is Hom,, (V, V1), a S-special interval vector space 


over the S-ring Z46? 
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24. 


Let 
a, a, a, a, 
a a a a 

Veeco oe 4 ll a, € [0, 111), 1<i< 49} 
a a a a 


be the S-special interval linear algebra over the S-ring 
R= Za) : 


(i) | Study questions (i) to (iv) of problem 19 for this V. 
(ii) Is Hom, (V, V) a S-special interval linear algebra 


over the S-ring Z)1;? 


Let V= {Sex aj € [0, 55)} be the S-special interval 


i=0 


linear algebra over the S-ring Zss. 


Study questions (1) to (iv) of problem 19 for this V. 


Chapter Four 


SMARANDACHE STRONG SPECIAL PSEUDO 
INTERVAL VECTOR SPACES 


In this chapter we proceed onto define develop and describe the 
notion of Smarandache Strong Special interval pseudo vector 
spaces (linear algebra) denoted by SSS-interval vector space or 
SSS interval pseudo linear algebra. Throughout this chapter 
[0, n) is a special interval pseudo ring which is always taken as 
a S-ring. 


DEFINITION 4.1: Let V be a S-special interval vector space 
over the S-special pseudo interval ring [0, n) then we define V 
to be a Smarandache Special Strong pseudo interval vector 
space (SSS-interval vector space) over the S-special pseudo 
interval ring [0, n). 


We will illustrate this situation by some simple examples. 
Example 4.1: Let V = {[0, 7) x [0, 7)} be a SSS-interval 
pseudo vector space over the S-special pseudo interval S-ring 


R =[0, 7). 


Example 4.2: Let V = {[0, 26)} be the SSS-interval pseudo 
vector space over the S-special pseudo interval ring [0, 26). 
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Example 4.3: Let 

V= {(ay, a2, a3, a4, as, a6) | ai € [0, 21), l<i< 6} be the 
SSS-interval pseudo vector space over the S-special pseudo 
interval ring R = [0, 21). 


Example 4.4: Let 


a 
V=4| - |} aie [0, 17); 1<is< 10} 
a 


10 


be the SSS-interval pseudo vector space over the S-special 
interval pseudo ring R = [0, 17). 


Example 4.5: Let 


ved” 6 |] a; € [0, 33); 1 <i<33} 


a3) 35 433 


be the SSS-interval pseudo vector space over the S-special 
interval pseudo ring R = [0, 33). 


Example 4.6: Let 


a, a, ai 
4130 Ay ve Any . 
V= a; € [0, 62); 1 <i< 48} 
455 An6 436 
a a a 


be the SSS-interval pseudo vector space over the S-special 
interval pseudo ring R = [0, 62). 
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Example 4.7: Let 


a, a, a, 
ag ay a4 
a5 16 a>, 
V= 4) a5, Age ay. || ai € [0, 43); 1 <1< 49} 
Ary 39 35 
436 a3, Ayo 
443 Aggy A 49 


be the SSS-interval pseudo vector space over the S-special 
interval pseudo ring R = [0, 43). 


We can define the concept of SSS- pseudo interval vector 
subspace and SSS-dimension of a SSS-vector space. 


We will illustrate this by the following examples. 


Example 4.8: Let 


V= a; € [0, 13); 1<i<8} 


Las | 


be the SSS-interval pseudo vector space over the S-special 
pseudo interval ring R = [0, 13). 
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Ww, = 0 ae [0, 13)} cV 


is a SSS-interval pseudo vector subspace of V over R = [0, 13). 


W2= a, €[0,13),1<i<3}cV 


is a SSS-interval pseudo vector subspace of V over R = [0, 13). 


W;= 41 0 || a; € [0, 13), 1<i<3}cV 


is a SSS-interval vector pseudo subspace of V over the S-special 
interval pseudo ring R = [0, 13). 
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Wi= a; € [0, 13), 1<i<4}cVv 


is again a SSS-interval pseudo vector subspace of V over 
R= [0, 13). 


Example 4.9: Let 

V = {(aj, a, a3, ..., ais) | ai © [0, 22), 1 <i < 15} be the SSS- 
interval pseudo vector space over the S-special pseudo interval 
ring R = [0, 22). 


W, = {(aj, a, a3, 0, ..., 0) | aj € [0, 22), 1 <i1<3}cVisa 
SSS-interval pseudo vector subspace of V over R = [0, 22). 


W2 a {(0, 0, 0, 0, 0, a}, a2, 43, a4, as, 0, 0, 0, 0, 0) ae [0, 
22), 1 <i <5} c¢ Visa SSS-interval pseudo vector subspace of 
V over the ring R = [0, 22). 


W; = {(0, 0, ..., 0, a1, a2) | a; a2 © [0, 22)} Cc V is a SSS- 
interval vector pseudo subspace of V over the ring R = [0, 22). 


Example 4.10: Let 
V=4/ : : : || a; e [0, 6), 1 <i<30} 
Ang Ang A39 


be the SSS-interval pseudo vector space over the S-special 
pseudo interval ring R = [0, 6). 


228 | Special Pseudo Linear Algebras using [0, n) 


rae: ne: 
0 0 0 

Wi=2]i 2 3 ll ae[0,6,1<i<6}cV 
0 0 0 
a, as ag 


is the SSS-interval pseudo vector space over the S-special 
pseudo interval ring R = (0, 6). 


0 0 0 
0 0 0 
0 0 O 
ay Bige By 
W2= 4/a, a, a, || a € (0,26), 1<i<9} CV 
Go. Be. By 
0 0 0 
[9 0 0 


is the SSS-interval pseudo vector space over the S-special 
pseudo interval ring R = [0, 6). 


Example 4.11: Let 


a 
V= 4] . || a € (0, 43), 1 <is9} 


ay 


be the SSS-linear pseudo algebra over the S- pseudo ring 
R= [0, 43). 
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V is finite dimensional over R. V has several SSS-linear 
pseudo subalgebras of V over the S-ring R = [0, 43). 


a, 


0 
W,= . || a € [0,43)} cV 


W2= 4! 0 || a © [0, 43)} Cc V and so on. 


Wo= 0 age [0, 43)} cV 


are the nine SSS-interval linear pseudo subalgebras of V each of 
dimension one over R = [0, 43). 


M; = 0 || a1, a2 € [0, 43)} CV, 
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M> = a, aj, a2 © [0, 43)} = V, 


M3 = 4] a, || a1, a2 € [0, 43)} Cc V and 


Mz = 4| 0 || a; € [0, 43), 1<i<3} CV 


are the four SSS-linear pseudo subalgebras of V over the S-ring 
[0, 43). 


Smarandache Strong Special Pseudo Interval ... | 231 


M;, M2 and M3 are two dimension SSS-linear pseudo 
subalgebras of V over R = [0, 43). 


M4 is of dimension three over R = [0, 43). 


Let 


P, = 4/a, || a, € (0, 43), 1<i<4}cV, 


oS eee 


be the SSS linear pseudo subalgebra of dimension four over the 
S-ring R = [0, 43). 


P, = a; € [0, 43), 1<i<S}cV 


oS eee 


is a SSS-linear pseudo subalgebra of dimension five over 
[0, 43). 
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a, 
a, 
P;= JJa, || a; € [0, 43), 1<i<6}cV 
0 
as 


is a SSS-linear pseudo subalgebra of dimension six over the 
S-ring [0, 43). 


Py=3| 7 |] aj € [0, 43), 1<i<7}CV 


a, 
L 0 | 
is a SSS-linear pseudo subalgebra of dimension seven over the 
S-special pseudo ring. 


0 
a, 
P;= 4] : || ae [0,43),1<i<8}cV 
0 


ag 


is a SSS- pseudo linear algebra of dimension eight over the S- 
pseudo ring. 
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The SSS- pseudo linear algebra which is of dimension nine 
over the S-ring R = [0, 43) has SSS-linear pseudo subalgebras 
of all dimensions between one and eight. 


Example 4.12: Let 


a, as ay 
a, ag ayy : 
v= a; € [0, 29), 1Si<12,+, %} 
a; a, ay 
a, ag ayy 


be the SSS-linear pseudo algebra over the S-ring R = [0, 29). 


Dimension of V over R is 12. V has SSS-linear pseudo 
subalgebra of various dimensions. 


V is a usual vector space (linear algebra) over the field 
Zn9 & [0, 29). 


Several interesting properties can be derived. However this 
V has no SSS quasi pseudo vector subspaces. 


V=W, +W,+ W; where 


a, 0 0 
a, 0 0 ; 
Wi= ai € [0, 29), 1 <i<4} CV, 

a, 0 0 
a, 0 0 

0 a 0 

0 a, 0 ; 

W2= a, € [0, 29), 1 <i<4! cV and 
0 a, 0 
0 a, 0 
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W= a; € [0,29),1<i<4}cV 


ooo Oo 
ooo CoO 
w 


are SSS-linear pseudo subalgebra and V = W, + W2 + W3. 


Let 
a, a, a; 
0 0 
M, = 4| “4 a; € [0, 29), 1<i<4}cV, 
0 0 0 
0 0 0 
0 0 a, 
Mea" ; ks a; € [0, 29), 1<i<4}cV, 
0 
0 0 0 
0 
M; = 1 921! 3 © (0,29), 1<i<4} CV, 
a, a, O 
0 0 0 
0 0 
0 0 
M,= a; € [0, 29), 1<i<4} c Vand 
a, a, a, 
a, 0 0O 
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0 0 O 
0 0 O . 
Ms; = a, € [0, 29), 1<i<4tcV 
0 0 a, 
a: eae 


are SSS-interval pseudo linear subalgebras of V_ over 
R = [0, 29). 


We see 
0 0 0 
0 Se a 
Mi 7 Mj # ifizj,1<i,j <5. 
0 0 0 
0 0 0 


Thus V c M,; + Mo + M3; + My, + Ms. Also M,; is not 
orthogonal to any one of the M;’s; 1 # j. We see W, is the 
orthogonal to W2 but W> is not the orthogonal complement of 
Wi. 


a, a, a, 
a a 

Let P, = 5 ; a, € [0, 29), 1<i<5}cV 
O Dc 


be the SSS-interval linear pseudo subalgebra of V over the 
S-special interval ring R = [0, 29). 


0 0 O 
0 0 a, ; 

P, = a, € [0, 29), 1<i<7}cV 
a ae 
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is the SSS-interval pseudo linear subalgebra of V over the ring 
R= [0, 29). 


We see P, is the orthogonal complement of P, and vice 
versa. 


Further P; + P2 = V and 


P} O Po = so P; and P, gives the direct sum of V. 


ooo oO 
ooo oO 
a a 


Now having seen examples of SSS-interval pseudo linear 
algebras direct sum and SSS-interval pseudo sublinear algebras; 
we now proceed onto define only special properties and we are 
not interested in studying other details. 


We are more interested in other properties which we are not 
in a position to impose in case of S-special pseudo interval 
linear algebras. 


Let V be a SSS-linear pseudo algebra over the S-ring 
R=[0, n). 


On V we define the notion of pseudo inner product for if x, 
y € Vx, y) is the pseudo inner product (x, y) : V > R; we see 
(x, y) = 0 even if x #0 andy #0. x, y © V all other properties 
remain the same. 


This includes (x, x) = 0 even if x 0. 


Thus by defining SSS-interval pseudo linear algebras V; we 
can define the pseudo inner product. 


We can also define on SSS-interval pseudo linear algebra 
the notion of SSS-eigen values, SSS-eigen vectors and SSS- 
characteristic polynomials. 
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Further we can define SSS-linear functionals using SSS- 
interval linear algebra V. 


All these concepts will be described only by examples. 


Example 4.13: Let 

V = {(aj, a, a3, a4) Where a; € [0, 15), 1 <i < 4} be a SSS- 
pseudo linear algebra over the S-special interval pseudo ring 
R= [0, 15). 


We define SSS-linear functional on V as follows: 


fi; : VW — [0, 15) so that f,,, can also be realized as a SSS- 
linear transformation of V to [0, 15) as [0, 15) can be realized as 
a SSS- pseudo vector space of dimension one over [0, 15). 

fis; : VW — [0, 15) is a SSS-linear functional; if x = (0.112, 
3.001, 4.0007, 8) € V define f,,; (x) = a; x 0.112 + a2 x 3.001 + 
a3 x4.0007 + ay x 8 where a; € [0, 15), 1 <i<4. 


We see if V* = {Collection of all SSS-linear functionals on 
V} then V* is also a SSS-interval vector space over [0, 15). 


All this study can be derived with simple and appropriate 
modifications. It is also left as an exercise to the reader to prove 
dim V* = dim V. 


We define SSS-annihilator of a subset S of a SSS-vector 
space V is the set S° of SSS-linear functionals f,,, on V such 
that f,,, (a) = 0 for every ao € S. 


The SSS-subset S° of V* is a SSS- pseudo vector subspace 
of V. 


The following theorems can be proved by the interested 
reader. 


THEOREM 4.1: Let V be a finite dimensional SSS-pseudo 
interval vector space over the S-special pseudo interval ring 
R=[0, n). W be a SSS-subspace of V. 
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Then dim W + dim W°? = dim V. 


THEOREM 4.2: Let V be a finite dimensional SSS-vector 
pseudo space over the S-special interval pseudo S-ring [0, n). 


For each vector ain V define Ly (fiss) = fess () ; fess in V*. Then 
the mapping a > Ly is an isomorphism of V into V**. 


THEOREM 4.3: Let gy fi, fi, «» fi, be SSS-linear 


SSS 


functionals on a SSS- pseudo vector space V with respect to the 
SSS-null space N,ss, N'., N2 ., N 


SSS? sss? °° SSS 
: ‘ : : 1 2 7 . 
is a linear combination of f.,, f.., .» f.. if and only if Nyss 


contains the intersection N', 7 N2, 0... ON’ 


SSS SSS * 


respectively. Then &sss 


Now we can as in case of usual vector spaces define SSS- 
eigen values etc. Let A = (aj) n x n be an x n matrix aj € [0, 
m), 1 <i,j <n. 


The SSS pseudo characteristic value of A in [0, m) is a 
scalar c in [0, m) such that the matrix (A — CI) is non invertible. 


C is the SSS pseudo characteristic value of A if and only if 
det (A-CI) = 0 or equivalently det (CI — A) = 0, we form the 
matrix (xI — A) with polynomial entries and consider 
polynomial f(x) = det (xI — A). 


Clearly the SSS-characteristic values of A in [0, m) are just 
the scalars C in [0, m) such that f(C) = 0. 


For this reason f is called the SSS- pseudo characteristic 
polynomial of A. 


Here also f is monic and f(x) € {3 a,x! a; € [0, m)}. 


i=0 
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All properties associated with characteristic polynomials are 
true in case of these SSS-polynomials. 


Example 4.14: Let 


V= ; a; € [0, 6), 1 <i< 6} 


be the SSS-interval pseudo vector space over the S-special 
pseudo interval ring R = [0, 6) . 


Define 


a, 
fuss: V > [0, 6) by fas (| 2 |) =a) + a +... + ay (mod 6). 


a, 


f,s5 18 a linear functional on V. 


3.002 
4.701 
3.0175 
For instance if x = | 2.0016 | € V. 
0.90121 
5.03215 
1.3141 
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. 3.002 
4.701 
3.0175 

fess (X) = fiss (| 2.0016 |) = 
0.90121 
5.03215 

| 1.3141 


3.002 + 4.701 + 3.0175 + 2.0016 + 0.90121 + 5.03215 + 1.3141 
= 1.96956 € [0, 6). 


This is the way f,,, is a SSS-linear functional on V. 


Interested reader can form any number of such SSS-linear 
functionals on SSS- pseudo vector spaces over [0, n). 


Example 4.15: Let 


a, a 
a; ay, 
a3 Ses aig F 
V= a; € [0, 15), 1 <i<36,+, x} 
a 
ays 439 
439 36 


be the SSS- pseudo interval linear algebra over the S-special 
interval ring R = [0, 15). 

Define fs; : V — [0, 15) by 
fiss (A) = ary + az2 + ... + Ags (mod 15) where A = (aj) € V that 
is f,,; (A) = trace A. 


f;,; is SSS-linear functional on V. 
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Suppose 
[0.132 0 9 6 1 1 
0 0 0 1 2 3 
0.92 O 1.31 0 0 0 
A= eV. 
752 63 O 4.31 0 0 
0 0 0 0 3.101 O 


f,,; (A) = trace A 


= 0.132 +0+1.41+4.31+3.101+7.1 
= 15.953 (mod 15) 
= 0.953 € [0, 15). 


f,,; is a SSS-linear functional on V. 
Now having seen examples of SSS-linear functionals we 
now proceed onto define more properties of SSS-linear 


algebras. 


Example 4.16: Let 


a, a6 
a, ayo 
me 
V= a, € [0, 19), 1 <1 < 40} 
Big mise <Aay 
aos a3 
aay, aoe Bag, 


be a SSS-vector space over the S-special pseudo interval ring 
R = [0, 19). 


Define f,,, : V — [0, 19) as 
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f,,; (A) = sum of column two + sum of column four (mod 
19). 


= (a; + ag + ajo + arg + ajg + Az. + Ay6 + A390 + 434 + 3g) + (ag + 
ag + ajo + aye + x9 + Arg + Agg + 32 + A36 + Ago) (mod 19). 


fess is a SSS-linear functional on V. 


Example 4.17: Let 


Bi CB. ae Ag 
V=4/ ay ap - ago || ai € [0, 23), 1 <1 30} 
i) a 7 


be the SSS-linear algebra over the S-special pseudo interval ring 
R = (0, 23). 


Define f,,, : V — [0, 23) as fi,; (A) = sum of the 3" row 
= ay + ayn + a3 +... + ao. 
f,,, is a SSS-linear functional on V. 


Example 4.18: Let 


0.001 0 2 
A=] 0 0.04 0 | with elements from [0, 3). 
0 0 0.03 


We find the SSS- pseudo characteristic polynomial 
associated with A. 
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x—0.001 0 2 
= 0 x —0.04 0 
0 0 x —0.03 


= (x + 2.999) (x + 2.96) (x + 2.97) 
=0, 
x = 0.001, 0.04 and 0.03. 


Thus the SSS- pseudo eigen values of A are 0.001, 0.04 and 
0.03. Now we can find SSS- pseudo eigen values for any 
square matrix with entries from [0, n). If the values are real we 
get these SSS- pseudo eigen values. 


Example 4.19: Let V = {(aj, a, a3) | a; € [0, 5), 1 <1 <3} be 
SSS-interval pseudo vector space over the S-special pseudo 
interval ring R = [0, 5). 


We define 

(xX, Y)sss : VW x V — [0, 5) as if x = (0.0221, 0.31, 0.7) and 
y = (0.01, 0.04, 0.071) € V then (x, y),ss = (0.0221, 0.31, 0.7) x 
(0.01, 0.04, 0.071) 


= (0.0221 x 0.01 + 0.31 x 0.04 + 0.7 x 0.071) 
= 0.000221 + 0.0124 + 0.0497 
= 0.062321 € [0, 5). 


This is the way the inner product is defined. 
Let x = (2, 1, 1) and y = (1, 3, 0) € V. 
(x, Y)sss -_ (2, ie 1), d, 3, 0)) 
=2+3+0 (mod 5) 
= 5. 


Thus x is orthogonal to y. 


Let V be SSS-vector space. 
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If on V we have an inner product (x, y),s; defined then we 
call V to be SSS-inner product space over R = [0, n) (n< ©). 


Now if V is a SSS- pseudo inner product space over the S- 
special interval pseudo ring R = [0, n), we say for any Wc V, 
W the SSS- pseudo vector subspace of V the orthogonal 
complement W to be W* = {x eV | (x, y) =0 for all y e W}. 


We will illustrate this situation by some examples. 


Example 4.20: Let 


V= a; € [0, 21), 1 <i<6} 


be a SSS-vector space over the S-special pseudo interval ring 
R=[(0, 21). 


Let V be an inner SSS- pseudo product space where (x, y)sss 


0 


a, 


0 
is defined by W* = a, € [0, 21), 1 <i<3} CVissuch 
a, 


Lo | 


that for every x € W and for y € w {x, Y)sss = 0 € [0, 21). 
Wr = {x € V| (x, y)sss = 0 for all y € W}. 
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Thus we have SSS-orthogonal vectors. 


Wow= 


Thus if x = 


a, | 


0 


i — a = a) 


nN 


and y = e V then 


Ny 


n 


TTT T tT Ss 


(Xx, Yass = a,b, + agb> +a3b3 + ayby + asbs + agbe (mod 21). 


o 2 


a, 
Let W = 


oo 


a; | 


a € [0,21),1<i<3} cV 


vex | BAS 


be a SSS- pseudo vector subspace of V over the pseudo ring 


R=[0, 21). 
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Wr= a, € [0,21),1<i<3} cV 


is the orthogonal with W with W A W* = answer is yes? 


ee) 


| 0 


Now suppose S is only a subset in V, V a SSS-inner product 
space. 


What will be S¢. 


0.7] [ 0 
0 0 
0 0 
Let S= ; cV 
0 0 
0 0.5 
0 || 0 | 


be a subset of V. 


To find S* = {x € V| (x, y)sss = 0 for all y € S} 
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S t= ae V,1<i<4} cV 


is the orthogonal to S of SSS- pseudo subspace of V. 


Clearly SA S*= but however S + S'# V. 


oo oo. coc. .oO 


Thus the orthogonal complement of a subset is also a SSS- 
pseudo subspace of V. 


Example 2.21: Let 


V=4;: 2  ilae[0,4l,1<i<I5S}cVv 


be the SSS- pseudo vector space of over the S-special pseudo 
interval ring R = [0, 41). 


15 
Define (x, y)sss : V > [0, 41) by (A, B).ss = }2a;b; (mod 41) 
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where A=] : : : |andB=| : : > | eV. 


443 ayy ays b, bi, b,, 


(A, B)s5 is a SSS-inner product on the SSS- pseudo vector 
space V over special pseudo R = [0, 41). 


a, a, a, 
0 0 

Let A= 0 O|jJeV 
0 0 0 


we see there exists infinitely many B e€ V such that 
(A, Bass =0. 


So even for a single element S = {A} we see 


SSiio> = <b ||) ae 0,41), 1<18 12hev, 


Ay Ay AyD 


S* is a SSS- pseudo vector subspace of V. S'+S¥V. 


But Sa St = 


Interested reader can get the analogue of the Gram Schmidt 
process in case of SSS- pseudo vector space with some direct 
and appropriate modifications. 
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THEOREM 4.4: Let W be a SSS-finite pseudo dimensional 
subspace of a SSS-inner product space V over the S-special 
interval pseudo ring R = [0, n). Let Esss be a SSS orthogonal 
projection of V on W. 


Then Esss is an idempotent SSS-linear transformation of V 
onto W, W* is the SSS null space of E and V = W @ W. 


Proof is similar to as that of usual spaces hence left as an 
exercise to the reader. 


Next we proceed onto define the notion of SSS- pseudo 
polynomial vector space over S- pseudo special interval ring 
[0, n). 


DEFINITION 4.2: Let 


V= [Saw a; € [0, n), n < oo} 


i=0 


be the SSS-polynomial pseudo vector space defined over the S- 
special pseudo interval ring R = [0, n). V is an infinite 
dimensional SSS vector space over R. V is also a SSS- pseudo 
linear algebra over R. 


We will first illustrate this situation by examples. 


Examples 4.22: Let 


v= {Sa 
i=0 


ai € [0, 43)} 


be a SSS-polynomial pseudo vector space over the S-special 
interval S- pseudo interval ring R = [0, 43). 


Let V be a SSS- pseudo linear algebra under the usual 
product of polynomials over the S- pseudo special interval ring 
R= (0, 43). 
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11 

Let W = {Sax a; € [0, 43), 0 <i< 11} cCVisa SSS 
i=0 

quasi pseudo vector subspace of V and W is not a SSS- pseudo 


linear subalgebra of V as product of two polynomials is not 
defined in W. 


Only in case of SSS polynomial linear pseudo algebras 
alone we are in a position to define SSS- pseudo quasi vector 
subspaces of V. 


Almost all properties associated with usual vector spaces 
can be extended in case of SSS-vector spaces with some 
appropriate modifications. 


We suggest some problems for the reader. 


Some of the problems are difficult at research level and 
some of them are simple and some are little hard and consume 
more time. 


Problems 


1. Obtain some special features enjoyed by SSS- pseudo 
interval vector spaces over the S- pseudo ring [0, n) 
(n < 0). 


2. Spell out some of the advantages of using SSS- pseudo 
interval spaces in the place of S-interval pseudo special 
vector spaces. 


3. Is it possible to define S-linear functionals using S-special 
interval pseudo linear vector spaces? 


4, Let V = {(aj, a2, a3, a4, as) | aj © [0, 46), 1 <i < 5} be the 
SSS- pseudo linear algebra over the S- pseudo special 


interval ring R = [0, 46). 


(i) | Find dimension of V over R. 
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(ii) Does we have infinite number of basis for V? 

(iii) Find all SSS- pseudo subspaces of dimension two 
over R. 

(iv) Find W a SSS- pseudo subspace of V so that 


i.W* is its orthogonal complement. 
ii. W, is just orthogonal with W and is not the 
orthogonal complement of W. 


a, a, as 
Bg By. an Bia 
Let W= 4) G0 “Ba wo ag a, € [0, 7), 1 <1<25} be 
Aig Ay 449 
a5, any aos 


the SSS- pseudo special interval vector space (linear 
algebra under x or x,) over the ring R = [0, 7). 


(i) | Study questions (i) to (iv) of problem 4 for this V. 
(ii) Prove under x V is a non commutative SSS- pseudo 
linear algebra. 


Let M = {(a;, a, ..., a1) | a € [0, 18), 1 <1 < 11} bea 
SSS- pseudo linear algebra over the S-special interval ring 
R= [0, 18). 


a 
Let P= 3} 7 || a; © [0, 43); 1 < i < 15} be a SSS- 


a5 


pseudo linear algebra over the S-special interval ring 
R= [0, 43). 
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(i) | Study questions (i) to (iv) of problem 4 for this S. 


(ii) Find the algebraic structure enjoyed by 


Home, (V, V). 
i a a, ay | 
Ay Ay Aig 


8. LetV= 4] a, ay -. a, || a € (0,46); 1 <1< 81} 


be a SSS-non commutative pseudo linear algebra over the 
S-special pseudo interval ring R = [0, 46). 


(i) | Study questions (i) to (iv) of problem 4 for this S. 


(ii) What is the distinct feature enjoyed by V as V isa 
SSS-non commutative linear algebra? 


9. Let V = {(aj, a, ..., aio) | ai € [0, 23)} be a SSS- pseudo 
linear algebra over the S-special pseudo interval ring 
R= (0, 23). 


(i) | How many distinct inner products be defined on V? 


(ii) What is the dimension of V as a SSS- pseudo vector 
space over R? 


(111) What is the dimension of V as a SSS- pseudo linear 
algebra over R? 


(iv) In how many ways can V be written as a direct 
sum? 


11. 


12. 


13. 
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a, a, 
a, a, 
a, a, 
a, ay 
Let V= 4] a, aj || ai € [0, 48); 1 <i < 18} be SSS- 
ay Ay> 
a3 ayy 
ays Ai6 
ay; Aig 


pseudo linear algebra over the S-special pseudo interval 
ring R = [0, 48) under the natural product x, of matrices. 


Study questions (1) to (iv) of problem 9 for this V. 


ee . a, a, a, 4, 

ag a, ag ay aio 
1 <i< 10} bea SSS- pseudo linear algebra over the 
S- pseudo ring R = [0, 35). 


a; € [0, 35); 


Study questions (1) to (iv) of problem 9 for this V. 
Describe some special features enjoyed by SSS- pseudo 
linear functionals on a SSS- pseudo linear algebra over 
R= [0, n). 


Obtain Bassel’s inequality for SSS-inner product spaces. 


Give any other special feature associated with SSS-inner 
product space. 
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15. 


Give some special properties enjoyed by SSS-linear 
functionals on V; V a SSS- pseudo vector space over a 
ring [0, n)n<«, 


a; € [0, 22)! be a SSS- pseudo linear 


Let V= {San 
i=0 


algebra over the S-special pseudo interval ring R=[0, 22). 


(i) What is dimension of V, a SSS- pseudo vector 
space over R = [0, 22)? 

(ii) What is the dimension of V as a SSS- pseudo linear 
algebra over R = [0, 22)? 

(iii) Show V can have SSS-quasi pseudo vector 
subspaces over R = [0, 22). 

(iv) Canainner product ( )ssg be defined on V? 

(v) Cana SSS-linear functional be defined on V? 


a; € [0, 29)} be a SSS- pseudo linear 


Let V = {Sax 


i=0 


algebra over the S-special pseudo interval ring 
R=[0, 29). 


Study questions (1) to (v) of problem 16 for this V. 


a; € [0, 13), 0 <i < 20} be a SSS- 


20 
Let V = {Sex 
i=0 


pseudo linear algebra over the S-special interval pseudo 
ring R = [0, 13). 


(i) Prove W is only a SSS- pseudo vector space and is 
not a SSS- pseudo linear algebra over R = [0, 13). 

(ii) Find a basis of W over R. 

(iii) Is W finite dimensional? 

(iv) Can W have SSS-vector subspaces? 

(v) Cana SSS-inner product be defined on W? 


19. 


20. 


21. 
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(vi) Find 
W* = {Collection of all SSS-linear functions on 
W}. 

(vii) Can SSS-linear operators be defined on W? 


a; € [0, 11), 0 <i < 12} be a SSS- 


Let M = {Sax 


i=0 


linear pseudo algebra over the S-special interval pseudo 
ring R = [0, 11). 


Study questions (i) to (vil) of problem 18 for this M. 


a; € [0, 5), 0 <i < 7} be a SSS-linear 


Let N = {ax 


i=0 


pseudo algebra over the S-special pseudo interval ring 
R = [0, 5). 


Study questions (1) to (vii) of problem 18 for this N. 
Let V = {(aj, a, ..., ai2) | ai © [0, 11),. 1 <i < 12} and 


a, a, 
W=s/: : ai € [0, 11); 1 <i< 12} be two 


a, Ay 


SSS-vector space over the S-special pseudo interval ring 
R=[(0, 11). 


(i) Find Home (V, W). 

(ii) What is the algebraic structure enjoyed by 
Hom,(V, Ww)? 

(iii) Is Homey (V, W) a SSS- pseudo vector space over 
R? 

(iv) Find Hp (V, V) and Hom,y(W, W). 

(v) IsHr(V, V) = Home(W, W)? 
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22. 


23. 


24. 


(vi) Is Home(V, V) and Home(W, W) SSS- pseudo 
linear algebra over R of same finite dimension. 


ay ay. Ayo ay BS, 
a, ag a1 

Let V=4\ aj, ys aig || ai © [0, 19); 
G3; 3p 36 


a, € [0, 19); 1 <i< 36} 


“a E “s a 
Bia. ase “ee 


be SSS- pseudo linear algebra. 


Study questions (i) to (vi) of problem 21 for this V and 
W. 


a, 
ai» 
1 <i<12,+, x,} be the SSS- pseudo linear algebra over 
the S-special interval pseudo ring R = [0, 14). 


a a a 
Se a; € [0, 14); 


a a 


10 11 


Study questions (i) to (vil) of problem 18 for this V. 


a; € [0, 39); 1 <i < 12} be the 


ay, 


SSS- pseudo linear algebra over the S-special pseudo 
interval ring R = [0, 39). 


25. 


26. 
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(i) Define three distinct pseudo inner products on V. 


a, 


(ii) Find W- given W= 4]? || aj, a € [0,39)} CV 


is a SSS- pseudo subspace of V. 


Obtain some special and interesting features enjoyed by 
pseudo inner product on SSS- pseudo vector space over 
the S-special pseudo interval ring R = [0, n). 


4 a, | 4, a, | as 
a Ay9 
Let M= 4] a... | se | ys || aj © [0, 28); 
Ai6 Apo 
a>, ays 


1 <i < 25} be a SSS-pseudo vector space over the S- 
special pseudo interval ring R = [0, 28). 


(i) Define a pseudo inner product on V. 


(ii) Define f,.5 : V — [0, 28) and find V. 


sss * 


(iii) Find a basis of V and V... (V.. is the SSS-dual 


SSS Sss 


pseudo vector space of V the SSS-vector space). 
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27. 


28. 


29. 


Let V = a; € [0, 17); 1 <i < 30} 


be the SSS- pseudo vector space over the S-special 
pseudo interval ring R = [0, 17). 


Study questions (1) to (iii) of problem 26 for this V. 


[0, 26); 1 <i < 32} be the SSS- pseudo vector space over 
the S-special interval pseudo ring R = [0, 26). 


Study questions (1) to (iii) of problem 26 for this V. 
Let V = {(a1, a2, a3, a4 | as ag a7 | Ag Ag | Aso) | ai © [0, 86); 
1 <i < 10} be the SSS- pseudo vector space over the S- 


special interval pseudo ring R = [0, 86). 


Study questions (1) to (iii) of problem 26 for this V. 


30. 


31. 


32. 
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a; € [0, 23)} be the SSS- pseudo vector 


Let V = {s ace 
i=0 


space over the S- pseudo special interval ring R = [0, 23). 


(i) | Give some special properties enjoyed by this V. 

(ii) Can V have finite dimensional SSS-pseudo vector 
subspaces? 

(iii) Can V have infinite dimensional SSS-pseudo vector 
subspaces? 

(iv) Give a basis of V. 

(v) How many basis can V have? 


a; € [0, 48)} be a SSS- pseudo linear 


Let V = {Sax 


i=0 


algebra over the S- pseudo special interval ring 
R= (0, 48). 


Study questions (1) to (v) of problem 30 for this V. 


rsa 
a, 
Let V = 4] 43 |} a; € [0, 19); 1 <i <5} be the SSS- 
a4 


a 


5 


pseudo vector space over the S- pseudo special interval 
ring R = [0, 19). 


(i) Find V* of V. 
(ii) | What is the dimension of V'? 
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33. 


34. 


1;/|0/])0}/0 
0} }5]} {oO}; lo}]o 
(iii) If V= 4} 0}],/0],) 3],| 0],| 0 |> is a basis of V find 
0;;0});0})7}) 0 
0;;01)0}]0 


the corresponding basis for V*. 
(iv) Find a basis of Home (V, V) over R. 
(v) Define an inner product on V. 


a, a, ay 
Aig Ay aig 
Let v= 4] 9 20 Aan a, € [0, 43); 1 <i< 54} 
Arg Ang 36 
437 Ass 4s 
[ae Ay7 vs as, | 


be a SSS- pseudo vector space over the S-special pseudo 
interval ring R = [0, 43). 


Study questions (1) to (v) of problem 32 for this V. 


By, ais ke Bip 
Let VS 41 Gig.. Aig oe Aye ||) ape [0;.53); 1 S7= 36} 
55 An6 36 


be a SSS- pseudo vector space over the S-special pseudo 
interval ring R = [0, 53). 


Study questions (1) to (v) of problem 32 for this V. 


3D: 


36. 


37. 
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a; € [0, 41), 0<i<25} bea SSS- 


a 
Let V = { a,x’ 
i=0 


pseudo linear algebra over the S- pseudo special interval 
ring R = [0, 41). 


(i) | Study questions (1) to (v) of problem 32 for this V. 
(ii) Show V is finite dimensional. 
(iii) Find a basis of V over R. 


a 


a 2 
Let V= i ae {Sex 


i=0 


gi € [0, 46)} be the SSS- 


a, 


pseudo vector space over the S- pseudo special interval 
ring R = [0, 46). 


Study questions (1) to (v) of problem 32 for this S. 


gi € [0, 29), 


Let V = {(a, a2, a3, ..., a9) | a € {dex 
i=0 


1 <i < 9} be the SSS- pseudo vector space over the S- 
pseudo special interval ring R = [0, 29). 


(i) Prove V is also a SSS- pseudo linear algebra. 

(ii) | What is the dimension of V as a SSS- pseudo vector 
space over R? 

(iii) What is the dimension of V as a SSS- pseudo linear 
algebra over R? 

(iv) Find SSS- pseudo sublinear algebras. 

(v) Prove V has SSS-quasi vector spaces of finite 
dimension over R. 
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38. 


39. 


40. 


a; a, Ay 
a, a, « a _ 
11 12 20 
Let V = aj € > gix' gi € 
21 p27 + Aga i=0 
43, 932 49 


[0, 93), | < i < 40} be the SSS- pseudo linear algebra 
under natural product x, over the S- pseudo special 
interval ring R = [0, 93). 


Study questions (1) to (v) of problem 37 for this S. 


Bp A kes Aig 
a a a ee . 
17 18 32 i 
Let V = aj € > gx gi € 
433 34 Ags i=0 
Ayo Aso Deg 


[0, 6), 1 <1 < 64} be the SSS- pseudo linear algebra under 
natural product x, over R = [0, 6). 


Study questions (i) to (v) of problem 37 for this M. 


a, 


a 10 
Let V = : ae ex 


i=0 


g; € [0, 41), 1 <i<9} be 


ay 


the SSS-vector space over the S-pseudo special interval 
ring R = [0, 41). 


(i) Prove V is not a SSS- pseudo linear algebra. 
(ii) Is V finite dimensional? 


41. 


42. 
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(iii) Find a basis of V over R. 

(iv) Find Hom,(V, V). 

(v) Find V* of V. 

(vi) Define a pseudo inner product on V. 


[9x +2] 
0 
0 


(vii) Find for the set A = . cV. AtisA‘a 


Lo | 


SSS- pseudo subspace of V over R. 


Bye Bae aie Ay is 
2; i 
LetM= 4/a, a, + ag |] ae > gix gj € [0, 
i=0 
Chass: SBiign twik” ee 


5),0<j < 12, 1<1<27} be the SSS- pseudo vector space 
over the S- pseudo special interval ring R = [0, 5). 


Study questions (1) to (vii) of problem 40 for this M. 


gj € [0, 15), 


16 
a, a. a . 
Let T= : i ae {Sex 


0 <j < 16, 1 <i < 30} be the SSS- pseudo vector space 
over the S-special pseudo interval ring R = [0, 15). 


Study questions (1) to (vii) of problem 40 for this T. 


BeatriceGloria_personal library 
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43. Let V= {(ay | a2 a3 | a4 as AG | a7 ag ag AjO | aj A12 a3 AY4 AIS 


g; € [0, 7), O<j<5,1<i< 16} be 


5 
aie) | ai € {ex 
i=0 


the SSS-vector space over the S-special pseudo interval 
ring R = [0, 7). 


Study questions (1) to (vii) of problem 40 for this V. 


44. LetV= ai € 


g; € [0, 13), 0 <j <3, 1 <i < 56} be the SSS- 


3 
id gix' 
i=0 


pseudo vector space over the S-special interval pseudo 
ring R = [0, 13). 


Study questions (1) to (vii) of problem 40 for this V. 
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Ai6 a7 Aig = i 
45. Let V= 4{| ~——— se Den gi € [0, 2), 


i=0 


0 <j <7, 1<1< 36} be the SSS-pseudo vector space 
over the S-special pseudo interval ring R = [0, 2). 


(i) | Study questions (i) to (vii) of problem 40 for this V. 

(ii) If we put x* = 1 can V be made into a SSS- pseudo 
linear algebra under the natural product x, of 
matrices. 

(iii) Find dimension of V as a SSS-pseudo linear algebra 
over R. 
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